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The i n v e s t i g a t i o n  c a r r i e d  out  in t h i s  p r o j e c t  was
mainly  concerned w i t h  mo de l l i ng  and o p t i m i z a t i o n  of  a r o ­
t a t i n g  d i sc  c o n t a c t o r  (RDC) l i q u i d - l i q u i d  e x t r a c t i o n  process.
The main goals  achi eved in t h i s  work a re :
1. A thorough s tudy  o f  the hydrodynamics o f  an RDC was 
c a r r i e d  o u t ,  and t he  physico-hydrodynamic  r e l a t i o n s  
were e v a l u a t e d .  A s e m i - t h e o r e t i c a l  holdup model was 
v a l i d a t e d  e x p e r i m e n t a l l y  and an a x i a l  mi x i ng c o r r e l a t i o n  
was recommended.
2. S t e a d y - s t a t e  models f o r  the process were developed and 
solved n u m e r i c a l l y .  S t e a d y - s t a t e  exp e r imen t a l  da ta  were 
used to t e s t  a l t e r n a t i v e  mathemat ical  models f o r  the  
process.  The t h r e e - s e c t i o n  column model w i t h  a x i a l  
mixing was found the  most s u i t a b l e .
3. An o p e r a t i n g  o b j e c t i v e  f u n c t i o n  was developed f o r  s teady-  
s t a t e  o p t i m i z a t i o n  and f o u r  g r a d i e n t  o p t i m i z a t i o n  t e c h ­
niques were compared n u m e r i c a l l y  f o r  s o l v i n g  t he  problem.  
The optimum g r a d i e n t  method proved to be the best  f o r  
t h i s  case.
4.  A unique dynamic model w i t h  i d e n t i f i e d  o r d e r  and seven 
f l ow  c o n d i t i o n s  was developed and solved f o r  t i m e - i n ­
v a r i a n t  and t i m e - v a r y i n g  d i s t u r b a nc e s .  The dynamic
response o f  the  seven f low c on d i t i on s  were compared to  
e xper i ment a l  d a ta .  The model w i t h  v a r i a b l e  a x i a l  mixing  
in s o l ven t  phase o n l y  proved t o  be the  best  in r e p r e s e n t ­
ing the dynamics o f  the process.
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During the  l a s t  t w e n t y  years  process cont ro l  and 
o p t i m i z a t i o n  f o r  a l l  i n d u s t r i e s  and e s p e c i a l l y  the chemi ­
cal  i n d u s t r y  have taken on an i n c r e a s i n g l y  impor t ant  r o l e .
To have b e t t e r  c o n t r o l  i s  one of  the  most i mpor t an t  
demands in modern i n d u s t r y ,  and t h i s  has been brought  about
by severa l  reasons:
1.  New processes have been developed which can opera t e  
only i f  such v a r i a b l e s  as f l o w  r a t e s ,  c o n c e n t r a t i o n s ,  
t e mp e r a t u r e s ,  and p r essur es  are  ma in t a i ned  w i t h i n  
very c lose  l i m i t s .
2 .  Old i n d u s t r i e s  have found t h a t  one way to i n c r e a se  
t h e i r  sa les  was to  improve the q u a l i t y  o f  t h e i r  
products and to avo i d  o f f - s p e c i f i c a t i o n  products .
3.  A more fundamental  s t udy  o f  the  process can lead  
to b e t t e r  process c o n t r o l ,  g i v i ng  h igher  product  
q u a l i t y  and lower  consumption of  m a t e r i a l s ,  l ab o r  
and energy .
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4.  To improve working c o n d i t i o n s  e s p e c i a l l y  as regards  
s a f e t y ,
5.  The n e c e s s i t y  o f  f i n d i n g  causes f o r  improper  p e r ­
formance.
6.  The n e c e s s i t y  o f  decreas i ng  the  unproduct ive  t i me  
r e q u i r e d  to  a d j u s t  f o r  upsets .
7.  The need to  he lp  the e ng i neer  make b e t t e r  and f a s t e r  
d e c i s i on s  about  the system under  his  s u p e r v i s i o n .  
Dur ing the  l a s t  ten years  o n - l i n e  computer c o n t r o l
has taken on added s i g n i f i c a n c e ;  i t  i s  not  on l y  enough to  
be a b l e  to c o n t r o l  a process ( s u p e r v i s o r y )  but  a lso to be 
able  t o  c o n t r o l  i t  a t  optimum c on d i t i o n s  ( o p t i m a l ) .
Background:
S t e a d y - S t a t e  O p t i m i z a t i o n
There a r e  two main approaches t o , t h e  problem o f  
steady s t a t e  o p t i m i z a t i o n  o f  a chemical  p rocess ,  namely ,  
o n - l i n e  search t echniques  and m o d e l - r e f e r e n c e  o p t i m i z a t i o n .
The f o r me r  are  used i f  i t  i s  not  p o s s i b l e  to  develop  
a mathemat i ca l  model f o r  the process because o f  i t s  com­
p l e x i t y  or  because o f  unknown phys i ca l  phenomena. Even i f  
a mathemat i ca l  model can be p r e p ar ed ,  i t  is o f t e n  too com­
plex  t o  s o l v e .  T h e r e f o r e ,  one is  f o r c e d  to r e s o r t  t o  a 
d i f f e r e n t  means o f  d e t e r mi n i ng  the  optimum. This can be 
done by c o n s i d e r i n g  t h e  system as a "b l ack  box" about  which  
noth i ng  i s  known except  the number o f  inpu t s  and o u t p u t s .
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C l e a r l y ,  t h i s  case i s  r a r e l y ,  i f  eve r  encountered  
in p r a c t i c e .  However,  i t  needs the  most genera l  background 
f o r  the  development  o f  t heor y  o f  system i d e n t i f i c a t i o n .
Any t h e o r y  advanced f rom t h i s  concept ,  wh i le  being co mp l e t e l y  
u n i ver sa l  in scope,  w i l l  s u f f e r  from t he  l ack  o f  concern  
f o r  the  p h y s i ca l  process i nv o l v e d .  The system i s  viewed as 
an i n p u t - o u t p u t  device  wi th  l i t t l e  regard f o r  i t s  i n t e r n a l  
physica l  s t r u c t u r e .
In model r e f e r e n c e  s t e a d y - s t a t e  o p t i m i z a t i o n  one 
should p o s t u l a t e  a mathemat ica l  model f o r  the  process p e r ­
formance under s t e a d y - s t a t e  c on d i t i on s  o f  o p e r a t i o n .  
Mathemat ical  m o d e l l i n g  o f  a process is g e n e r a l l y  a t wo- s t ep  
o p e r a t i o n :  ( 1 )  to d e f i n e  a model s t r u c t u r e ,  ( 2 )  t o  f i t ,
c a l c u l a t e ,  or  a d j u s t  t h e  parameters o f  the model .  The 
i d e n t i f i c a t i o n  and e s t i m a t i o n  o f  model parameters  can be 
done e i t h e r  f rom the  a v a i l a b l e  i n f o r m a t i o n  about  the  process  
from prev ious  i n v e s t i g a t i o n s  or  through known s t a t i s t i c a l  
t echn i ques .  The f i r s t  approach is  much e a s i e r  f o r  processes  
f o r  which the  phys i co - chemi ca l  phenomena are  w e l l  unders t ood,  
w h i l e  the  second approach i s  p r e f e r a b l e  f o r  processes which  
are not  so w e l l  c h a r a c t e r i z e d .
For t he  second approach Eykhoff^^^ d i s t i n g u i s h e s  
two c lasses  o f  probl ems,  which depend on the  i n i t i a l  and 
des i r ed  knowledge o f  t h e  process:
a.  " I d e n t i f i c a t i o n  -  t he  d e t e r m i n a t i o n  o f  a t opo l ogy  o f  the  
process ,  c o n s i d e r i n g  i t  as a c e l e b r a t e d  b l a ck  box."
b. "Parameter  E s t ima t i on  -  the d e t e r m i n a t i o n  o f  the p a r a ­
meter  values o f  the pr ocess ,  assuming the  topol ogy  to  
be known."
The development  o f  a r e l i a b l e  and r e a l i s t i c  model 
f o r  the  process is  the  bas i s  f o r  the development  of  a 
Performance C r i t e r i o n  w i t h  r e f e r e n c e  to which t he  optimum 
va l ues  f o r  t he  process v a r i a b l e s  can be o b t a i n e d .
For commercial  p r ocesses ,  maximum r e t u r n  on i n v e s t ­
ment ,  or  p r o f i t ,  i s  perhaps the  most common c r i t e r i o n  f o r  
optimum e ng i n e e r i n g  d e s i gn .  Since the  p i l o t  s ca l e  RDC 
under study i s  o p e r a t i n g  on a phys i ca l  system which is  
not  usef u l  i n d u s t r i a l l y  (Amyl A l c o h o l - A c e t i c  A c i d - W a t e r ) ,  
i t  i s  not  p o s s i b l e  to ass i gn  r e a l i s t i c  costs f o r  the raw 
m a t e r i a l s  or the  product  and,  t h e r e f o r e ,  to  f o r mu l a t e  a 
genera l  p r o f i t  f u n c t i o n .
I t  would be b e t t e r  then to r e s t r i c t  the o b j e c t i v e  
f u n c t i o n  t o  an o p e r a t i n g  c r i t e r i o n  which r e l a t e s  the e f ­
f i c i e n c y  o f  t he  process (measured by the  a c t ua l  number o f  
t r a n s f e r  u n i t s  (NTU|^|), to the process v a r i a b l e s  through  
t he  s t e a d y - s t a t e  model ,  and the power r e q u i re d  by the  
r o t a t i n g  s h a f t .  This t ype  o f  o b j e c t i v e  f u n c t i o n  is a mea­
sure only  of  the  e f f e c t i v e n e s s  o f  the process.
To o p t i m i z e  the  process performance and to e v a l u a t e  
t he  optimum l e v e l s ,  an e f f i c i e n t  o p t i m i z a t i o n  t echnique  
must be used.  The convergence and e f f i c i e n c y  o f  any op­
t i m i z a t i o n  t echn i que  i s  o f  pr i mary  impor tance from the
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economic po i n t  o f  v iew.  A p r e l i m i n a r y  i n v e s t i g a t i o n  i s  
r e q u i r e d  to i n d i c a t e  the most usef u l  scheme f o r  a p a r t i c u l a r  
a p p l i c a t i o n .  Among the  t echni ques  which have shown con­
s i d e r a b l e  success f o r  o p t i m i z i n g  a q u a d r a t i c  or non-quad­
r a t i c  c ons t ra i ne d  o b j e c t i v e  f u n c t i o n  a r e :  Optimum G r a d i e n t ,
Conjugate G r a d i e n t ,  M o d i f i e d  F l e t ch er ,  and P o w e l l ,  and V a r i ­
able  M e t r i c  M e t h o d s . F u r t h e r  d e t a i l s  about  each o f  t he  
above ment ioned s teps are  d e t a i l e d  l a t e r .
Scope o f  the  P r o j e c t :
In t h i s  d i s s e r t a t i o n  the author  has t r i e d  to  answer  
the  f o l l o w i n g  two quest i ons  : (1 )  What b e n e f i t s  w i l l  one
get  f rom implement ing o n - l i n e  computer c o n t r o l  f o r  the  p r o ­
cess under i n v e s t i g a t i o n ?  and ( 2 )  How can a s u i t a b l e  system 
be implemented?
To answer these quest i ons  q u a l i t a t i v e l y  and q u a n t i ­
t a t i v e l y  f o r  the  e x t r a c t i o n  process under i n v e s t i g a t i o n ,  
one would rev i ew the  f o l l o w i n g  i mpor t a n t  stages o f  o p e r a t i o n ;
1. S t a r t - u p  : For  the  usual  s t a r t - u p  o f  an e x t r a c t i o n  p r o ­
cess ,  the column is f i l l e d  w i t h  the cont inuous phase,  
then the  f l o w r a t e  o f  t h i s  phase is se t  to  the d e s i r e d  
va l ue  and then the  d i spersed  phase i s  i n t r oduced  a t  
t he  proper  f l o w r a t e .  Wi th i n  a shor t  pe r i o d  o f  t ime  
t he  holdup o f  the  d i sp er se d  phase a t t a i n s  i t s  s t e a d y -  
s t a t e  magni tude.  A f u l l  q u a n t i t a t i v e  d e s c r i p t i o n  o f  
t h i s  per iod  o f  the  s t a r t - u p  would be e x t r eme l y  d i f f i ­
c u l t  because o f  the d i f f e r e n t  d isp lacement  v e l o c i t i e s
of  the d i f f e r e n t  s i z e  drops and would l ead to  ver y  
complex r e s u l t s . T h e r e f o r e ,  a t t e n t i o n  should be given  
at  t h i s  stage on l y  t o  a c t u a t e  the motor i zed  va l ues  in  
an optimum way.  Th i s  can be done by p o s t u l a t i n g  a 
s u i t a b l e  c o n t r o l  a l g o r i t h m  w i t h  an optimum combinat ion  
of  the t h r e e  PID ( P r o p o r t i o n a l ,  I n t e g r a l ,  D e r i v a t i v e )  
c on t r o l  pa r amet ers .
2.  S t e a d y - S t a t e  i s  one i n  which the  process is o p e r a t i n g  
under e q u i l i b r i u m  c o n d i t i o n s  f o r  long per iods o f  t i m e .  
The problem o f  e v a l u a t i n g  the  corresponding optimum 
l e v e l s  f o r  the  process parameters  and v a r i a b l e s  would 
be e va l u a t e d  e i t h e r  o f f - l i n e  i f  the o b j e c t i v e  f u n c t i o n  
can be e v a l u a t e d  d i r e c t l y  f rom the s t e a d y - s t a t e  model ,  
or o n - l i n e  as a s t o c h a s t i c  search procedure w i t h  the  
past  and c u r r e n t  va lues of  the i nput  and out pu t  v a r i ­
ables used to  c r e a t e  a s u r f ace  on which search f o r  
optimum i s  c a r r i e d  o u t .
3. A T r a n s i e n t  S t a t e  is one i n  which the  system i s  d r i v e n  
away from t he  d e s i r e d  s t e a d y - s t a t e  optimum l e v e l  f o r  a 
shor t  pe r io d  o f  t i m e .  The process could be r ep r es e n t e d  
by a t i m e - i n v a r i a n t  model and a t i m e -o p t i ma l  c o n t r o l
or dynamic o p t i m i z a t i o n  procedures can be implemented 
through the process model t o  e va l u a t e  and renew the  
c o n t r o l l a b l e  v a r i a b l e s  to  achi eve  minimum d e v i a t i o n  
e r r o r .
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4.  U n s t e a d y - St a t e  i s  one in which the system o p er a t es  f o r  
r e l a t i v e l y  l onger  per iods  o f  t ime under dynamic c o nd i ­
t i o n s  and the r a t e  o f  change o f  the parameters  i s  so 
high t h a t  i t  would be hard to  c o ns i de r  i t  s t a t i o n a r y .
A t i m e - v a r y i n g  model i s  r eq u i r e d  to r e p r e s e n t  the  
process and a s u i t a b l e  cont r o l  t echn i que  is  r e q u i r e d  
not  only  to c on t r o l  the process but  a lso  to p r e d i c t  
f o r  some t ime i n  the f u t u r e  the s t a t e  o f  the process.
5. S e t - P o i n t  Changes : This  case could be cons i dered  as a
s p e c i a l  case o f  case number ( 3 ) .
6.  Process Troubles  are  s t a t e s  in  which the system i s  f or ced  
out  o f  the f e a s i b l e  and c o n t r o l l a b l e  range.  Wi thout  
deve l op i ng  a mathemat ica l  model f o r  the  p r o c es s ,  i t
w i l l  be very d i f f i c u l t  to d e t e c t  such t r o u b l e s , and the  
onl y  a c t i o n  remaining i s  to stop the process and l eave  
i t  to s e t t l e  down and then r e p e a t  case ( 1 )  procedure .
Wi th a r e f e r e n c e  model i t  i s  p os s i b l e  to avoid  these  
t r o u b l e s  by drawing a margin between the  c r i t i c a l  
reg ion  and the f e a s i b l e  one,  t he r e by  imposing c o n s t r a i n t s  
on the process per formance.
Process Models :
As a good process model i s  necessary  f o r  model  
t e c h n i q u e s ,  a t t e n t i o n  w i l l  be paid to t h r e e  types o f  process  
models:  q u a l i t a t i v e ,  s t a t i c ,  and dynamic.
1. Q u a l i t a t i v e  Models
The g r e a t  m a j o r i t y  o f  c o n t r o l  systems are  s t i l l  
being designed on the  bas i s  o f  q u a l i t a t i v e  process models.
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Phys i ca l  i n s i g h t  and exper ience  i n d i c a t e  how to connect  the  
c o n t r o l l e r s  to  the cont ro l  v a l ves .  A l so ,  the choice  of  
c o n t r o l l e r  b e h a v i o r ,  which u s u a l l y  comes down to the ad­
j u s tm e n t  o f  P - , I - ,  and D - a c t i o n ,  i s  r e a l i z e d  by t r i a l  and 
e r r o r .
2.  S t a t i c  Models
These models have been developed f o r  a v a r i e t y  o f  
processes.  They c o n s i s t  o f  a l g e b r a i c ,  o r d i n a r y  d i f f e r e n t i a l ,  
or  p a r t i a l  d i f f e r e n t i a l  equat ions ( l i n e a r  or  n o n l i n e a r ) .
They a re  used g e n e r a l l y  f o r  s t a t i c  o p t i m i z a t i o n  o f  process  
o p e r a t i o n ,  r e s u l t i n g  in optimum d e s i r e d  values f o r  the  con­
t r o l l e d  v a r i a b l e s .
3.  Dynamic Models
I t  i s  not  always a pp r e c i a t e d  t h a t  t h e r e  are  var ious  
types o f  dynamic models,  which d i f f e r  w i d e l y  from each o t h e r .  
They a re :  Lumped models o f  low or  high o r d e r ,  models wi th
t ime d e l a y s ,  and d i s t r i b u t e d - p a ramet e r  models . Low-order  
lumped models c o n s i s t  o f  a smal l  number o f  d i f f e r e n t i a l  
e q u a t i o n s ,  e . g . ,  s t agewise  model f o r  a m u l t i s t a g e  t r a n s f e r  
process .  H i g h - o r d e r  lumped models p e r t a i n  to s o - c a l l e d  
mul t icomponent  processes ( e . g . ,  p o l y m e r i z a t i o n  r e a c t o r s ) ,  
or m u l t i s t a g e  processes where the ac t ua l  stage i s  the  u n i t  
f o r  mass and heat  balances ( m i x e d - c e l l  models) .
D i s t r i b u t e d - p a r a m e t e r  models a r i s e  when the  process 
v a r i a b l e s  are f u n c t i o n s  o f  t ime and o f  geomet r ic  c o o r d i n a t e s ,  
and t he  dynamic behav i or  must be descr i bed  by p a r t i a l
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d i f f e r e n t i a l  e q u a t i o n s .  F i g u r e !  shows t he  d i f f e r e n t  types  
of  models and t he  i n t e r r e l a t i o n s h i p s  between them. We 
s h a l l  f i n d  t h a t  the s t e a d y - s t a t e  model w i t h  end e f f e c t s  
adequat e l y  d escr i bes  the s t e a d y - s t a t e  performance of  the 
RDC, and t h a t  the  dynamic model w i t h  v a r i a b l e  backmixing  
in s o l ve n t  phase only best  descr ibes  the  t r a n s i e n t  response
10
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CHAPTER I I  
HYDRODYNAMIC STUDIES
I n t r o d u c t i  on
Ext ens i ve  use i s  made o f  the l i q u i d - l i q u i d  e x t r a c ­
t i o n  process in i n d u s t r y ;  as a r e s u l t  many column designs  
have been suggested in the l i t e r a t u r e  t o  per form t h i s  l i q u i d
s e p a r a t i o n  process e f f i c i e n t l y ,  
f 3lMumford'  '  i n  h is  r ev i ew on equipment  s e l e c t i o n  
f o r  e x t r a c t i o n  p r o c es s e s , c l a s s i f i e d  them as:
I .  Equipment  in which the l i q u i d s  are  mixed,  e x t r a c t e d  
and separ a t ed  i n  d i s c r e t e  s t a g e s .  This  c lass  i n ­
c ludes the m i x G r - s e t t l e r  range o f  equipment  and the  
d i f f e r e n t  p l a t e - t y p e  columns.
I I .  Equipment in which cont i nuous  c o u n t e r c u r r e n t  f l ow  
i s  e s t a b l i s h e d  between t he  i mm i sc i b l e  phases to  
g i ve  the e q u i v a l e n t  of  any d e s i r e d  number o f  s tages .
They may be c a t e g o r i z e d  as f o l l o w s :
A. G r a v i t y  Operated Columns:
T. Non-mechanical  d i s p e r s i o n :
a.  Spray columns,
b. B a f f l e - p l a t e  columns,  and
c.  Packed bed columns.
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2.  M e c h a n i c a l l y  a g i t a t e d  columns:
a.  Pulsed columns,  and
b . Rot ary  a g i t a t e d  columns.
B. C e n t r i f u g a l  Columns.
S e l e c t i o n  of  Equipment
The choice between the  var i ous  types of  e x t r a c t i o n
columns f o r  any p a r t i c u l a r  a p p l i c a t i o n  is  based l a r g e l y  on
exp e r ien ce .
Cont inuous c on t a c t  e x t r a c t i o n  columns a r e ,  in 
g e n e r a l ,  p r e f e r a b l e  t o  m i x e r - s e t t l e r  u n i t s  when l a r ge  
t hroughputs  are  to be handled s i n ce  they  o f f e r  economies 
in a g i t a t i o n  power,  equipment  c o s t ,  f l o o r  space,  and s o l ve n t  
i n v e n t o r y .  They o p e r a t e  w i th  r e l a t i v e l y  smal l  amounts o f  
holdup o f  e x t r a c t  and r a f f i n a t e  which i s  e s p e c i a l l y  impor ­
t a n t  when processing r a d i o a c t i v e ,  f lammable or low s t a ­
b i l i t y  m a t e r i a l s .
A prime advantage i s  t h e i r  f l e x i b i l i t y  o f  o p e r a t i o n  
which enables e x t r a c t i o n  to be per formed w i t h  systems 
l i k e l y  to  form f i n e  d i s p e r s i o n s .
Rot a t i ng  Disc Contactors
The RDC was f i r s t  proposed by Reman^^’ ^^ in  1951,  
and cons i s t s  o f  a v e r t i c a l  c y l i n d r i c a l  s h e l l  d i v i de d  i n t o  
a number o f  compartments by a s e r i e s  of  s t a t o r  r i n g s .  A 
r o t a t i n g  d i sc  supported on a c e n t r a l  s h a f t  i s  l oc a t e d  in  
each compartment .  The dense phase i s  i n t r oduced  i n t o  the
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top o f  the  column and t h e  l i g h t  phase i n t o  the bottom end.
At each end,  t he r e  i s  a s e t t l i n g  zone to a l l ow  f o r  sep a r a ­
t i o n  and recoa lescence  o f  phases.
Misek^^)  s t u d i ed  the c o n d i t i on s  under which one of  
the  phases is  d i sp e r s e d ,  and the second is  cont i nuous .
He c l a s s i f i e d  the o p e r a t i o n  of  the RDC i n t o  two d i f f e r e n t  
o p e r a t i n g  c o n d i t i o n s :  ( a )  m o d e r a t e - i n t e n s i t y , and (b)  h i g h -
i n t e n s i t y  o p e r a t io n .  The t r a n s i t i o n  between the two s t a te s  
can be determined only  w i th  l i m i t e d  accur acy ,  because the  
t r a n s i t i o n s  f o r  i n d i v i d u a l  e lement a r y  f a c t o r s  d i f f e r s  to  
a c e r t a i n  e x t e n t .
Dur ing i n t e n s i v e  o p e r a t i o n ,  the d r o p l e t s  are  broken 
up in a t u r b u l e n t  st ream and a t r a n s f e r  o f  mass from s o l i d  drop­
l e t s  w i t h  t h e i r  c e n t e r  a t  r e s t  r e s u l t s .  P r a c t i c a l  exper i ence  
i n d i c a t e s  t h a t  r e s i s t a n c e  to mass t r a n s f e r  i n  the moderat e-  
i n t e n s i t y  region i s  c o ncent r a t ed  i n  a cont inuous f i l m  and 
in the high i n t e n s i t y  r eg i o n  in the  d i spersed phase.
Tables  1 and 2 g i ve  a guide to  a d e c i s i on  based 
on the va l ue  o f  the s e p a r a t i o n  c o e f f i c i e n t s .  When the  
s e p a r a t i o n  c o e f f i c i e n t  i s  l ess  than one (m << 1 ) ,  and the  
column is under moderate oper a t in g  c o n d i t i o n s ,  a d i spersed  
f eed phase i s  a c c e p t a b l e .  A s i m i l a r  recommendation can be 
deduced on the basis o f  t he  volume o f  the column and the  
e f f e c t  o f  the l o n g i t u d i n a l  mixing c o e f f i c i e n t s .  On the  
o t h e r  hand,  f o r  m > 1 and the  column o p e r a t in g  under moder­
a t e  c o n d i t i o n s ,  d i f f i c u l t i e s  due t o  the e f f e c t  o f  the  l o n g i ­
t u d i n a l  mix ing must be expected.
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M i i e k  concluded t h a t  the  m a j o r i t y  o f  i n d u s t r i a l  
e x t r a c t i o n  columns are  o p e r a t i n g  under moderate c o n d i t i o n s ,  
and under these  c i rcumstances  the i n f l u e n c e  o f  l o n g i t u d i n a l  
mixing i s  not  dominant .  He recommended t he  f o l l o w i n g  pro ­
cedure to d e f i n e  t he  d i sper sed  phase.
1. Using Tabl e  1 as a f i r s t  appr ox i mat i on  f o r  the  s t a t e  
o f  o p e r a t i o n  f o r  the column.
2. When t he  d i sper sed  and t he  cont inuous phases are known,  
then the  c o n d i t i o n
1 «  1
%d McKc
should be e v a l u a t e d  and K(0)  va l ue  i s  determined from 
Table  2.  I f  K(0 )  < 1 the  feed i s  t he  cont inuous phase.
3. The f u n c t i o n a l  x (K)  (which d e s c r i b e s  t he  r a t i o  o f  the  
value  o f  a f u n c t i o n  in a d i sp er se  s o l v e n t  to the same 
value  ob t a i ned  when a d i s p e r s e  feed i s  cons i de r ed ,  
y . _ d
- — ) i s  i l l u s t r a t e d  by the  f o l l o w i n g  r e l a t i o n s h i p s :
* f = d
x(mg) = “Y
m
x ( u )  = x ( d ) Ps'^s
PfUf
1 /3
( I I - l )
4.  I f  the r e s u l t s  from Tab l es  1 and 2 a r e  in c o n t r a d i c t i o n ,  
t r i a l s  s t a r t i n g  w i t h  s tep two are  r e p e a t e d .
A p p l i c a t i o n s  o f  RPC's
The o r i g i n a l  use o f  the  RDC by t he  Shel l  Companies 
was f o r  the f u r f u r a l  e x t r a c t i o n  o f  pe t ro l eum l u b r i c a t i n g
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o i l s  from which they  gained savings o f  about  60% o f  the 
c a p i t a l  cost  o f  e q u i v a l e n t  packed towers and had a sepa­
r a t i n g  power e q u i v a l e n t  to a 1 4 - s t a g e  m i x e r - s e t t l e r  u n i t . ^^ ^  
The RDC has found a wide use in  pet ro leum e x t r a c t i o n  
processes i n c l u d i n g  propane d e a s p h a l t i n g , S O g  e x t r a c t i o n  
of  kerosene f r a c t i o n s ,  su l pho lane  e x t r a c t i o n  and naptha
sweeten i ng.  About  one hundred and f i f t y  u n i t s  were r epor t ed
(31
to be in commercial  use by 1 9 6 8 . Mor e uses have appeared
r e c e n t l y  f o r  t he  s e p a r a t i o n  o f  oxy-compounds from F i sher -
Tropsch s yn t h e s i s  and the  d e p h e n o l i z a t i o n  o f  waste waters
(91
from e f f l u e n t s  in the coke and gas i n d u s t r i e s . '  ‘
W e s t e r t e r p  and Landsman^^^’ ^^^ have noted the po­
t e n t i a l  o f  using the  RDC as a cont inuous r e a c t o r  f o r  homo­
geneous l i q u i d  phases r e a c t i o n ,  e s p e c i a l l y  in  cases where 
l a r g e  heat  e f f e c t s  and long h o l d i ng  t imes  are  r e qu i re d .
Flow P a t t e r n  i n  an RDC Compartment
R e m a n s t u d i e d  the  hydrodynamics o f  f l o w  in each 
compartment ,  and found t h a t  the  f l o w  c o n s i s t s ,  in  the f i r s t  
p l a c e ,  o f  a r o t a t i o n  o f  the whole mass o f  l i q u i d  superim­
posed on t h i s  mot ion a s lower  movement o f  the  l i q u i d  f rom 
the  v i c i n i t y  o f  s h a f t  towards the column w a l l s ,  and from t he  
w al l  back towards the  s h a f t  in  the  v i c i n i t y  o f  the  s t a t o r  
r i n g s .  The r e s u l t i n g  f l ow in each compartment  i s  t o r o i d a l  
in n a t u r e .  Two v o r t i c e s  in  o p p o s i te  senses occur ;  they a r e  
geared t o g e t h e r  to  form a complete  v o r t e x .  The energy 
t r a ns f or med  f rom t he  r o t o r  d iscs  to  the  l i q u i d  creates a 
f a i r l y  un i f orm t u r b u l e n c e .
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Kung e t  a l . '  in  a s i m i l a r  work concluded t h a t
the f l o w  c o ns i s t s  o f  two movements: (1 )  c o u n t e r c u r r e n t
f l ow o f  phases caused by a d e ns i t y  d i f f e r e n c e ,  and ( 2 )  r o ­
t a t i o n  of  the  whole l i q u i d  mass. T h e r e f o r e ,  besides the  
a x i a l  f l ow t h e r e  i s  t o r o i d a l  f l o w ,  the  l a t t e r  causing  
back- mi x i ng  i n  the column.  Diagrammat ic sketches f o r  both 
e x p l a n a t i o n s  a re  shown in Figure 2.
Liquid System Used
In the  t e r t i a r y  system s e l e c t e d ,  amyl a l coho l  i s  
used as a c a r r i e r ,  a c e t i c  acid  as a s o l u t e ,  and d i s t i l l e d  
wat er  as a s o l v e n t .  The d i r e c t i o n  o f  mass t r a n s f e r  i s  f rom 
amyl a l c o h o l  t o  w a t e r .
This  system has been chosen on the  f o l l o w i n g  b a s i s :
1. The ac i d  c o n t e n t  can be a c c u r a t e l y  de t e r mined  e i t h e r  
o n - l i n e  by the  r e f r a c t o m e t e r  f o r  the f eed  phase,  by the  
c o n d u c t i v i t y  meter  f o r  the e x t r a c t  phase,  or  by the  
s p e c i f i c  g r a v i t y  meter  f o r  the  r a f f i n a t e  phase,  or  
manual l y  by t i t r a t i o n .
2.  The e q u i l i b r i u m  r e l a t i o n s h i p  is  l i n e a r  below a c e t i c  
a c i d  c o n c e n t r a t i o n  in the feed phase o f  15%, and de­
pends to a n e g l i g i b l e  ex t en t  on the c o n c e n t r a t i o n  
(below t h i s  v a l u e ) ,  or  the t e mp e r a t u r e .
3. The system shows l i t t l e  tendency to form s t a b l e  emul -  
si  ons .
4.  The system is not  h i g h l y  c o r r o s i v e .
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D e s c r i p t i o n  o f  the Exper imental  System
The system used by t he  author  was p r i m a r i l y  equipped  
f o r  o n - l i n e  exp e r imen t a l  o p t i m i z a t i o n  s t ud i es  on the  r o ­
t a t i n g  d i sc  c o n t a c t o r .  Few necessary m o d i f i c a t i o n s  and 
a d d i t i o n s  were c a r r i e d  out to make the system more r e l i a b l e  
and capable  o f  per forming v a r i o u s  i npu t  d i s t u r ba nc e s  to  
study the dynamics o f  the process .  The f o l l o w i n g  m o d i f i c a ­
t i o n s  were made;
1. A second feed phase overhead storage tank was i n s t a l l e d  
to be able  to swi t ch the i n l e t  feed c o n c e n t r a t i o n  be­
tween two d i f f e r e n t  va l ues .
2.  Two s o l e n o i d  v a l ves  (one N/0 and one N/C)  were f i x e d
on each feed phase tank l i n e  w i th  necessary  f i t t i n g s ,  
by-passes and manual v a l v e s ,  to have a f l e x i b l e  access  
to any f e e d  t a n k .
3. A f i l t e r  ( - 3 6 0  mesh) was i n s t a l l e d  on the main feed
l i n e  to p r e ve n t  f i n e  s o l i d  p a r t i c l e s  from b l oc k i n g  t he
l i n e  and a s i m i l a r  one on the s o l v e n t  l i n e  t o  remove 
any suspended growth from the wat er  i n l e t .
4.  A pneumat ic v a l v e  was i n s t a l l e d  on the main feed l i n e  
to a l l o w  f o r  t e s t i n g  the process f o r  d i f f e r e n t  feed  
phase f l o w r a t e  d i s t u r bances .  A s i n u s o i d a l  g e n e r a t o r  
was connected to the v a l v e  t o  be ab l e  to  a c t u a t e  i t  i n  
a known s i g n a l  form (ampl i tude  and d u r a t i o n ) .
5. An o r i f i c e  meter  (pressure  drop = 0 - 20"  me t e r )  w i t h  a 
7 5 - v o l t  power supply  and i n t e r f a c e  c i r c u i t  was i n s t a l l e d
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on the  feed l i n e  to make more a ccur a t e  f l ow measurements  
than those obt a i ned  from the motor i zed  v a l v e .  The l a t ­
t e r  proved i na cc ur a t e  due t o  s l i p  in the stem p o s i t i o n  
a f t e r  a pe r iod  o f  use.  This  makes the c a l i b r a t i o n  
curve i na c c u r a t e  to take  by.
6. A l s o ,  a hot  w i r e  anemometer was i n s t a l l e d  on the s o l ­
vent  l i n e  f o r  the same reason.
7. An e l e c t r o n i c  tachometer  and i n t e r f a c e  c i r c u i t s  were 
b u i l t  by the depar tment  e l e c t r o n i c s  workshop to be 
ab l e  to i n t e r f a c e  the  r o t a t i n g  s h a f t  w i th  the computer  
and i nc l u d e  i t  as another  i n pu t  v a r i a b l e .
A schemat ic f l o w c h a r t  f o r  the system i s  shown in 
Figure  3.
Fundamental  Aspects o f  Mass T r a n s f e r  in a Cont inuous  
C o u n t e r - C u r r e n t  L i q u i d - L i q u i d  E x t r a c t i o n  Process
I t  i s  e s s e n t i a l  f o r  many mass t r a n s f e r  s t u d i es  and 
mode l l i ng  to rev iew the c h a r a c t e r i s t i c s  a ss oc i a t e d  w i t h  the  
process ,  such as ho l dup,  b a ck -m i x i n g ,  mass t r a n s f e r  c o e f ­
f i c i e n t s  and the i n t e r f a c i a l  a rea  o f  c o n t a c t  between phases.
The d i sper s e d  phase holdup is expressed as the  
volume pe r ce n t  occupied by the  d i sper sed  phase.  Many s t u d i e s  
have been c a r r i e d  out  on the e f f e c t  o f  the d i f f e r e n t  con­
d i t i o n s  o f  o p e r a t i o n ,  and the geometry o f  the column on 
the holdup d i s t r i b u t i o n  and per ce n t a g e .
St rand e t  a l . det er mi ned p o i n t  va lues f o r  the  
holdup a long the column axis  by drawing samples through  
probes l o c a t e d  a t  va r i ous  p o i n t s  on d i f f e r e n t  l e v e l s ,  to
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determine  the  a x i a l  and r a d i a l  values f o r  the holdup.
For the feed phase i n t r od u c e d  a t  the bottom end,  i t  has been 
shown t h a t  the  value  of  holdup i ncreases  by moving up, prob­
ab l y  because i t  t akes t i me f o r  the  phase to break-up by the  
shear  a c t i o n .  Then i t  decreases towards the top end due 
to the compet ing e f f e c t s  o f  a x i a l  d i f f u s i o n  of  drops in  
the c on t a c t  zone and the drop d i scharge  i n t o  the  s ink  or  
s e t t l e r  p r ov i ded  by the i n t e r n a l  s e t t l e r  above the top 
s t a t o r  r i n g .
V er mi js  and Kramers^^^^ measured the holdup f o r  
d i f f e r e n t  f eed  to s o l v e n t  r a t i o s  ( G / L ) ,  and column t h r ou g h ­
puts (G + L ) .
(24 ]
L o g s d a i l ,  P r a t t  e t  a l . '  '  have r e l a t e d  the  column 
geomet ry ,  f l o w  c o n d i t i o n s ,  and phys i ca l  p r o p e r t i e s  of  the  
l i q u i d  system to  the holdup volume f r a c t i o n  by the  f o l l o w ­
ing c o r r e l a t i o n :
2 . 6
( 1 1 - 2 )V = K
0 . 9 1 .0 2 . 3 0 . 9 fn 1
JL \ à £ J y s H r
/ c , P J
DrN2 i ' r j i “ cj
Kung and B e c k m a n n a n d  Mumford^^^ have reached  
the f o l l o w i n g  conc l us i ons  from t h e i r  e xp e r i men t a l  work on 
a s i m i l a r  e x t r a c t i o n  column:
1. At  r o t o r  p e r i p h e r a l  speeds l ess  than 300 f t / m i n ,  e n t r a p ­
ment o f  the  d isper sed  phase d r o p l e t s  under r o t o r  d iscs  
and s t a t o r  r ings  occurs .  However,  t h i s  ent rapment  is  
not  permanent  s ince  t h e r e  i s  a net  movement through  
the  column.
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2.  The holdup v a l ue  ( a v e r a g e )  can be e v a l u a t e d  w i t h  r e a ­
sonable accuracy f o r  a g i ven column geometry and r o t o r  
speed by using the f o l l o w i n g  s e m i - t h e o r e t i c a l  fo r mul a :
V(1 -  E )
where
K] = 2.1 a t  (Dg - Dp) /Dg <  ^
and
K.| = 1 .0  a t  (Dg - Dp) /D^ >  ^
The e q u i v a l e n t  va lues  o f  V are  e s t i m a te d  f rom Equat ion  
( I I - 2 )  f o r  K = 0 . 02 25  f o r  the  f i r s t  case and 0 . 0 1 2  f o r  the  
second case.
St rand e t  a l .^^Z)  assumed a r e l a t i o n  f o r  the  c h a r a c ­
t e r i s t i c  drop v e l o c i t y  (VCp),  o f  the  same form proposed by
T h o r n t o n , a s  f o l l o w s :
V =
c ^ T T - r r r E 1 -  E
where Cp is t aken to  be t h e  minimum of  t he  f o l l o w i n g  t h r e e  
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Kung and Beckman have shown t h a t  a t  the f l o o d i n g  
p o i n t  the f l o w r a t e s  and r o t a t i n g  s h a f t  speed reach maximum 
p e r m i s s i b l e  v a l u e s .  I n t r o d u c i n g  t h i s  c o n d i t i o n  i n t o  Equa­
t i o n  ( I I - 3 )  and by d i f f e r e n t i a t i o n  and s e t t i n g  (dV^/dZ)  
and ( dV^ / dZ)  equal  to zero the f o l l o w i n g  two equat ions  
ar e  o b t a i n e d :
= 2VeZ( l  -  (a)
= V(1 - Cf)2(l - 2cf) (b)
Equat ion ( 1 1 - 5 )  r e l a t e s  the s u p e r f i c i a l  v e l o c i t y  
f o r  the d i sper s e d  and cont inuous phases t o  the holdup 
f r a c t i o n  a t  f l o o d i n g  c on d i t i o n s  ( r ^ ) .
A r e l a t i o n  between and the s u p e r f i c i a l  v e l o c i t i e s  
r a t i o  a t  f l o o d i n g  ( V .  /V^ ) i s  then o b t a i ned  by e l i m i n a t i n gdf  c^
V from Equat ions  ( a )  and (b)  in ( 1 1 - 5 ) .
where
R = ( V .  /V  ) .Of  c^
For each new set  o f  c on d i t i on s  of  o p e r a t i o n ,  the  
f l o o d i n g  holdup va l ue  can thus be c a l c u l a t e d .  This  value  
w i l l  be a c o n s t r a i n t  on t he  process per formance.  I f  the 
a c t u a l  v a l ue  o f  holdup i s  near  t he  f l o o d i n g  v a l u e ,  a c o r ­
r e c t i v e  a c t i o n  can be taken to reduce the a c t u a l  holdup  
and pr event  the system from running in a c r i t i c a l  range.
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S i m i l a r  s tudies on the holdup and f l o o d i n g  c on d i t i on s  
f o r  o t h e r  types o f  e x t r a c t i o n  columns have been c a r r i e d  out  
by o t h e r  wor ker s ,  e . g . ,  f o r  packed columns by Watson et  al  
f o r  m u l t i s t a g e  v i b r a t i n g  d i sc  columns by Miyanami e t  a l . , ^^^  ̂
f o r  spray columns by Laddha e t  a l . , and f o r  u n b a f f l e d  
a g i t a t e d  vessels  by Weinste in  and T r eyb a l .^ ^ ^ ^
D e l i c h a t s i o s  et a l . have shown m a t h e m a t i c a l l y  
and by exper i ment a l  v a l i d a t i o n  t h a t  i nc reased  drop s i z e  w i t h  
h i ghe r  f r a c t i o n a l  holdup can on l y  be accounted f o r  by a l ­
lowing f o r  coalescence,  w h i l e  t u r bu l e n c e  damping caused by 
the d i sper sed  phase plays a secondary r o l e .  Park and B l a i r ^ ^ ^ )  
have s t u d i e d  d r o p l e t  i n t e r a c t i o n  phenomena o f  l i q u i d - l i q u i d  
d i s p e r s i o n s  in a s t i r r e d  t a n k ,  f o r  Methyl  I s o - B u t y l  Ketone 
(MIBK) i n  w a t e r .  They found t h a t  drop d i s p e r s i o n  and b r e a k ­
up occur red near the i m p e l l e r  and coa l escence  predominated  
a t  o t h e r  l o c a t i o n s ,  as expec t ed .
Phys i ca l  E xp l ana t i on  of the F l oodi ng Phenomenon
Thi s  phenomenon can be understood w e l l  by c o n s i d e r ­
ing the hydrodynamics o f  f l ow  in each compartment  as f o l l o w s :  
As the l i q u i d  mi x t ur e  comes in c o n t a c t  w i t h  the  
r o t a t i n g  s u r f a c e ,  i t  impar ts  k i n e t i c  energy .  The amount 
o f  energy impar ted to the l i q u i d  m i x t ur e  w i l l  depend on 
the a ng u l a r  speed,  the s u r f a c e  roughness,  shape,  and d i a ­
meter  o f  t h e  d i s c ,  and the phys i ca l  p r o p e r t i e s  o f  the  
l i q u i d  m i x t u r e .  The amount o f  energy gained by each phase 
w i l l  depend on i t s  physical  p r o p e r t i e s  and t he  q u a n t i t y  
pr ese n t  i n  the  mi x t ur e .
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The c e n t r i f u g a l  a c t i o n  w i l l  d r i v e  the l i q u i d  away 
from the c e n t e r  in the form of  a cont inuous shee t .  For low 
angu l ar  speed t h i s  sheet  w i l l  not  be st rong enough to  hold 
i t s  shape and p e ne t r a t e  a long d i s t a n c e  away from the  disc  
edge in the cont inuous medium f i l l i n g  the compartment .  
T h e r e f o r e ,  i t  w i l l  d i s p e r s e  in the form of  l a r g e  drops 
f o r  the l i g h t  phase w h i l e  the dense phase drops w i l l  soon 
r ecoa l esce  w i t h  the cont inuous medium.
A f o r c e  balance on each drop shows t h a t  l a r g e r  
drops w i l l  ascend in the a x i a l  d i r e c t i o n  f a s t e r  than the  
s m a l l e r  drops.  T h e r e f o r e ,  f i n e  drops w i l l  have a l onger  
r es i dence  t ime in each compartment w h i l e  the  coarse ones 
r i s e  up and are  sub j ec t ed  to f u r t h e r  shear  a c t i o n  i n  the  
next  compartment .
This w i l l  make t he  va l ue  o f  holdup i nc r e a se  pr o ­
p o r t i o n a l l y  w i t h  the s h a f t  speed and t he  d i s t a n c e  away from 
the d i spersed phase i n l e t  to  a c e r t a i n  h e i g h t  a f t e r  which 
the holdup w i l l  decrease by coalescence as i t  becomes c lo s e r  
t o  the l i q u i d  i n t e r f a c e .
By f u r t h e r  i n c r e a s e  in the s h a f t  speed,  a h i gher  
d i s p e r s i o n  w i l l  be achieved and an i nc r e a s e  in the  res i dence  
t ime f o r  each drop w i l l  a l s o  i nc re a s e  as a r e s u l t  o f  f u r t h e r  
d i s i n t e g r a t i o n .  This  e x p l a i n s  the d i r e c t  i n c r e a se  in h o l d ­
up w i th  the s h a f t  speed.
A h i g h e r  s h a f t  speed w i l l  make a s t r o n g e r  sheet  o f  
l i q u i d  which can p e n e t r a t e  f u r t h e r  in  the  cont inuous phase 
i n  the  compartment ,  which w i l l  p r even t  to a c e r t a i n  e x t e n t
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more drops from ascending i n  t he  c e n t r a l  p a r t  o f  the  column 
and w i l l  be en f orced  to  take  t he  v i c i n i t y  o f  the column 
w a l l s .
A h i gh e r  speed than the  above one might  cause a 
s t a t e  in which n e i t h e r  t he  heavy phase can f i n d  i t s  way 
down nor  the l i g h t  phase can f i n d  i t s  way up.  Th i s  i s  
most l i k e l y  t o  happen in RDC's w i th  smal l  d i a me t e r s .
A f u r t h e r  i n c r e a se  in t he  s h a f t  speed w i l l  cause 
anot her  u n d e s i r a b l e  phenomenon. This  is  due to the  e x ­
t r em e l y  low drop s i z e  d i s t r i b u t i o n  o f  the d i sper s e d  phase 
which w i l l  make i t  p o s s i b l e  f o r  the d r o p l e t s  to avo i d  coming 
in d i r e c t  c o n t a c t  w i t h  the  r o t a t i n g  d i sc  s u r f a c e .  Th e r eb y ,  
a g r e a t  p o r t i o n  o f  the  shear  a c t i o n  i s  a p p l i e d  to t he  con­
t i nuous  phase which w i l l  turn  i t  i n t o  a d i sper sed  form 
a l s o .
When the  s tage i n  which both phases are  p r e se n t  
as f i n e  d i spersed emulsion i s  r eached ,  the r a t e  o f  e n t r a i n -  
ment o f  one phase i n t o  ano t her  w i l l  i n c r e a se  to an e x t e n t  
t h a t  t he  o u t l e t  st reams w i l l  be a m i x t u r e  o f  both phases.
This phys i ca l  e x p l a n a t i o n  i s  based on o b s e r v a t i o n  
of  the column per formance a t  wide range o f  o p e r a t i n g  con­
d i t i o n s  and g i ves  more i n s i g h t  on t he  f l o o d i n g  phenomenon 
in mech a n i ca l l y  a g i t a t e d  columns.  I t  can be sa id  now t h a t  
f l o o d i n g  occurs in two d i s t i n c t  s tages :
1. No f low i n  the  a x i a l  d i r e c t i o n  due to d e n s i t y  d i f f e r e n c e ,  
and
2.  Emulsion f o r m a t i o n .
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Mathemat ical  Model f o r  the Holdup E va l u a t i o n
A computer  program has been w r i t t e n  to  e v a l u a t e  
the holdup mean v a l u e  and the  e q u i v a l e n t  f l o o d i n g  va l ue  f o r  
the system under s t u d y ,  using Equat ions ( 1 1 - 2 ) ,  ( I I - 3 )  
and ( l i - 6 ) »  t he  column geomet ry ,  and the  phy s i ca l  p r o p e r t i e s  
o f  the l i q u i d  system.
F i gure  3 shows a f l ow diagram o f  t he  computer p r o ­
gram w r i t t e n  f o r  t h i s  purpose.
The program has been used to so l ve  the above equa­
t i ons  f o r  a wide combinat ion o f  the process v a r i a b l e s :
Feed phase mass f l o w r a t e  (G) :  60 - 180  g/min
So l ven t  phase mass f l o w r a t e  ( L ) :  60 - 180  g/min
P e r i p h e r a l  s h a f t  speed (RN) :  0 -1800  cm/min
F i gures  4 and 5 g ive  t he  r e l a t i o n s h i p  between the  
column t hroughput  (G + L ) ,  and the p e r i p h e r a l  s h a f t  speed 
vs the holdup volume f r a c t i o n  o f  the d i sper s e d  phase.
Holdup Measurements
To check the  accuracy  o f  p r e d i c t i o n s  ob t a i ned  from 
the s e m i - t h e o r e t i c a l  model so l ved  above,  many s t e a d y - s t a t e  
runs were c a r r i e d  out  a t  va r io u s  l e v e l s  of  o p e r a t i o n .  The 
procedure used f o r  e xp e r imen t a l  holdup measurement i s  s i m i -
f '  * I
l a r  to  the one used by Ver mi js  and K r a m e r s . I n  t h i s  
t echnique  the i n l e t  st reams and s h a f t  speed were s e t - up  to  
the de s i re d  l e v e l  manua l l y  and kept  t h e r e  u n t i l  the  e x i t  
e x t r a c t  c o n c e n t r a t i o n  shown on the  c o n d u c t i v i t y  meter  
reached a s t e a d y - s t a t e .  Then,  the  i n l e t  and e x i t  va lves
26
were shut  down i mmedi a t e l y  and the  contents  of  the  column 
were dra i n ed  and l e f t  to s e t t l e  down in a graduated 4 l i t r e  
beaker .  The volume o f  t he  l i g h t  phase was measured and 
the  holdup volume f r a c t i o n  c a l c u l a t e d .
The exper i ment a l  r e s u l t s  showed very c lose  a g r e e ­
ment w i t h  the s e m i - t h e o r e t i c a l  model as shown i n  F i gur e  5.
For l a r g e r  columns,  i t  i s  p o s s i b l e  to measure the  
v a r i a t i o n  i n  holdup a long the  column a x i s  by i n s e r t i n g  
probes on d i f f e r e n t  l e v e l s  and w i thdr a wi ng  samples f rom them 
s i m u l t an e ou s l y  by c o n t r o l  l e v e r s  on the  side hoses.  I f  
the  column d i amet e r  i s  l a r g e  enough,  more than one probe  
could be i n s e r t e d  on the  same l e v e l  and w i th  d i f f e r e n t  
t a k i n g  p o i n t s - r a d i i .
L o n g i t u d i n a l  D i s p e r s i o n
The second phenomenon t o  be s t u d i e d  is  l o n g i t u d i n a l  
mixing and i t s  e f f e c t  on the  e f f i c i e n c y  o f  mass t r a n s f e r  
in l i q u i d - l i q u i d  e x t r a c t i o n  p r ocesses .
The l o n g i t u d i n a l  mix ing o f  phases in  e x t r a c t i o n  
columns,  which reduces i t s  e f f i c i e n c y ,  i s  due to  the r e ­
verse mix ing produced by the e n t r a i n m e n t  o f  phases,  and the  
a x i a l  mix ing  or  T a y l o r  d i f f u s i o n ^ ® ’ ^®’ ^ ^ ’ ^®’ ^^^ which 
causes t r a n s v e r s e  and l o n g i t u d i n a l  n o n - u n i f o r m i t y  in the  
v e l o c i t y  and c o n c e n t r a t i o n  p r o f i l e s .
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L o n g i t u d i n a l ,  r e v e r s e -  or b a c k - m i x i n g ,  and a x i a l  
d i f f u s i o n  are c h a r a c t e r i z e d  by the c o e f f i c i e n t s  E^,  and 
Eax r e s p e c t i v e l y ,  which have the  u n i t s  o f  d i f f u s i v i t y  and 
are r e l a t e d  t o g e t h e r  as f o l l o w s :
h - ^ r *  Eax
Two approaches have been taken to  study t h i s  phe­
nomenon. The f i r s t  is based on the d i f f u s i o n  model in  
which the  change in c o n c e n t r a t i o n  along the  column axis  
is cont inuous.  The c h a r a c t e r i s t i c s  o f  t h i s  approach are  
the he i ght  o f  t r a n s f e r  u n i t  (HTU) ,  E^ and E^.
Myauchi^^^)  has s t u d i e d  the  i n f l u e n c e  of  E^ t h e ­
o r e t i c a l l y ,  by using a s i m p l i f i e d  model which u t i l i z e s  
mean d i f f u s i v i t i e s  and mean v e l o c i t i e s  f o r  both t he  con­
t inuous and the d i sper sed  phases.  From t h i s  t h e o r e t i c a l  
s tu d y ,  i t  has been shown t h a t  the i n f l u e n c e  o f  the  l o n g i ­
t u d i n a l  d i s p e r s i o n  on the  e x t e n t  o f  e x t r a c t i o n  can be 
expressed as a f u n c t i o n  o f  f o u r  d imensi on l ess  parameters .  
These parameters i n c l ud e  as v a r i a b l e s  the  r a t e s  o f  l o n g i ­
t u d i n a l  d i s p e r s i o n ,  the  o v e r a l l  mass t r a n s f e r  c o e f f i c i e n t ,  
the e q u i l i b r i u m  p a r t i t i o n  r a t i o ,  and the r a t es  o f  f l u i d  
f l o w .
I t  has been shown t h e o r e t i c a l l y  t h a t  l o n g i t u d i n a l  
d i s p e r s i o n  has the  e f f e c t  o f  i n c r e a s i n g  or  decreasi ng  the  
c o n c e n t r a t i o n  a b r u p t l y  a t  the column e n t r a n c e ,  F i gur e  6,  
and the c o n c e n t r a t i o n  p a t t e r n  f o r  each outgoing st ream be­
comes f l a t  as i t  approaches i t s  o u t l e t .
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Miyauchi"s  approach l ed to  t h r e e  d i f f e r e n t  d e f i n i ­
t i o n s  o f  NTU, depending on how one d e f i n e s  the  e f f e c t i v e  
c o n c e nt r a t i on  d r i v i n g  f o r c e :  
a.  True value
NTUy, = KaZ/G ( I I - 8 a )
b. P l u g - f l o w  value NTUp, o b t a i ne d  from the l o g a r i t h m i c  
mean d r i v i n g  f o r c e .
NTU, I n (1 -  A)
in
^out
+ A  ̂ /  (1 -  A) ( I I - 8 b )
Measured v a l u e ,  NTU^, o b t a i n e d  by i n t e g r a t i o n  to 
t he  c a l c u l a t e d  c o n c e n t r a t i o n  p r o f i l e s
NTU.
f * ( z = l )
* ( z = 0 )
dx
X -  my
( I I - 8 c )
I t  has been shown t h a t  NTUy >  NTU^ >  NTUp.
The second approach f o r  d e t e r m i n i n g  the l o n g i t u d i ­
nal  d i s p e r s i o n  c o e f f i c i e n t s  is  to t e s t  the  process f o r  a 
known d i s t u r ba n ce  and to measure t h e  dynamic response.
Rod^^^) used a g r a p h i c a l  method based on a d i f ­
f us i on  model to  c o n s t r u c t  the  t r u e  o p e r a t in g  l i n e  f o r  t h r e e  
cases:  ( 1 )  l o n g i t u d i n a l  mix ing  in the cont inuous phase
o n l y ,  (2 )  l o n g i t u d i n a l  mi x i ng  i n  t he  d i sper sed  phase o n l y ,  
and (3)  l o n g i t u d i n a l  mix ing in both phases.
In the l a s t  case t r i a l  and e r r o r  is r e q u i r e d  to  de­
termine  the  c o n c e n t r a t i o n  jump a t  the  f eed  ent rance  and to  
be able to l o ca t e  the f i r s t  p o i n t  on t he  o p e ra t i n g  l i n e .
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Danckwer t s ' ’ '  has developed a d i s t r i b u t e d  model
r e p r e s e n t i n g  the  process under  dynamic c o n d i t i o n s .  His  
s t a r t i n g  p o i n t  i s  the f o l l o w i n g  d i f f e r e n t i a l  e q u a t i o n ,  
where the l o n g i t u d i n a l  d i s p e r s i o n  c o e f f i c i e n t ,  E , u n i qu e l y  
c h a r a c t e r i z e s  the mixing process
^ 1 0 -  “ f i t ' l l  ( " ' » )
T h i s  model assumes a un i f o r m r a d i a l  c o nc e n t r a t i o n  
in the cont inuous phase.  I f  the  d i s t u r b a n c e  f u n c t i o n  i s  
i n t r o d u c e d ,  i t s  c o n c e n t r a t i o n  becomes e s t a b l i s h e d  a t  the  
i n l e t  cross s e c t i o n  a lmost  i n s t a n t a n e o u s l y .  The dependence 
of  t h i s  c o n c e n t r a t i o n ,  x ,  on t i m e ,  t , i s  c h a r a c t e r i z e d  by 
the  i npu t  cur ve .
The r e g u l a r i t y  in the v a r i a t i o n  o f  the c o n c e n t r a ­
t i o n  wi t h  t ime in the column being cons i dered  is  c h a r a c t e r ­
i zed  by the  output  curve .
The type o f  d i s t u r b a n c e  used to  d r i v e  the  process  
to the dynamic s t a t e  v a r i e d  f rom one worker  to anot her  and 
o bv i ous l y  t he  equat i ons  developed t o  e v a l u a t e  v a r i e d  
f rom one a no t h e r .
( 1 )  P u l s e - I n p u t :
Levensp i e l  and Smith^^^^ showed t h a t  f o r  an i n f i ­
n i t e l y  long tube and p e r i o d i c  sampl ing ,  the output  curve  
can provide  the va lue  o f  the  v a r i a n c e  o f  the d i s p e r s i o n  
f o r  the t r a c e r  c o n c e n t r a t i o n  ( a ^ - t r a c e r ) :
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0“ = f i 1 '
r î 6 | x , z e | x , 2 - 1
, v j ZX, J
( 1 1 - 1 0 )
The l o n g i t u d i n a l  c o e f f i c i e n t  o f  mi x i ng  can then be 
eva l ua t ed  f rom the  f o l l o w i n g  f o r mul a :
Ej  = /8o  ̂ + 1 - 1 ] ( 11- 11)
I t  has been shown by Levenspi e l  and Smith t h a t  a t  
hi gher  P e c l e t  numbers the  output  curve becomes c l o s e r  to  
the  normal d i s t r i b u t i o n  curve .
Van der  Laan^^^^ has t r e a t e d  the  d i f f u s i o n a l  type  
of  f low f o r  a more ge ner a l  case o f  a f i n i t e  p ipe  l en g t h  by 
appl y i ng  s u i t a b l e  boundary c o n d i t i o n s .
( 2 )  Step I np u t :
Hazlebeck and G e a n k o p l i s ^  have c a l c u l a t e d  the  
a x i a l  mixing c o e f f i c i e n t s ,  using Equat ion ( 1 1 - 1 1 )  and making 
the  s u b s t i t u t i o n ,  Z = x -  Ut and the  boundary c o n d i t i o n s  
as f o l l o w s :
x ( Z , 0 )  = Xg
x ( 0 , t )  = x^ /2  , e >  2
( 1 1 - 1 2 )
Equat ion ( 1 1 - 1 2 )  s t a t e s  t h a t  h a l f  t h e  t r a c e r  ma­
t e r i a l  i s  ahead o f  t h e  po i n t  (q^t /e^jV)  = 1 . 0 ,  and h a l f  
behind i t .  This  e qu a t i o n  is solved f o r  s tep  i n p u t  to ob­
t a i n  the f o l l o w i n g :
1 + e r f X -  Ut
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D i f f e r e n t i a t i n g  Equat ion ( 1 1 - 1 3 )  and e v a l u a t i n g  i t  
a t  the reduced t ime 0 = ( q ^ t / e ^ V )  = 1 gives
uz
4 t7
d t x / X g )




( 1 1 - 1 4 )
By measur ing t he  slope o f  the  curve o f  x / x ^  vs.  
( q ^ t / E j V )  a t  ë = 1 . 0 ,  can be c a l c u l a t e d .
( 3 )  Sine-Wave I n p u t :
Ebach and Whi te^^^^ and L i l e s  and Geankopl is^  
s t a r t e d  w i t h  Equat ion ( 1 1 - 1 1 )  and w i t h  two boundary c on d i ­
t i o n s  imposed a t  the  i n l e t  and the  o u t l e t  r e s p e c t i v e l y :
x ( 0 , t )  = s in  wt ( 1 1 - 1 5 )
x ( ® , t )  = X|̂ | or  A ( z )  = 0 f o r  z -»■ » ( 1 1 - 1 6 )
The p e r i o d i c  steady s t a t e  s o l u t i o n  is





and c a l c
I t  has been shown in prev i ous  surveys t h a t  i t  is  
very d i f f i c u l t  to  e v a l u a t e  the l o n g i t u d i n a l  d i s p e r s i o n  co ­
e f f i c i e n t s  f o r  the  process i n v e s t i g a t i o n  through the ex ­
pe r i me nt a l  approach.  I t  would be e a s i e r  to seek an a c c u r a t e
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e mp i r i c a l  formul a  developed by o t her  workers f o r  such a 
problem.
Empi r i ca l  Formulae f o r  the Longi tudina l  Dispers ion  
C o e f f i c i e n t s  :
Wes t e r t e r p  and Landsmann^^^^ have developed the  
f o l l o w i n g  c o r r e l a t i o n  f o r  the  e v a l u a t i o n  o f  the P e c l e t  
numbers :
p .  ' --------------------------------------- r  ( 1 1 - 1 8 )e
° r  s i  1 t  13 X 1 0 - 3
' f  or s
where n is  the  number o f  compartments,  and (ND^/U) i s  a
measure o f  the r a t i o  o f  the l i n e a r  s t i r r i n g  v e l o c i t y  and 
the l i q u i d  f l ow  v e l o c i t y  through the column (N = t he  angu­
l a r  speed o f  the  s h a f t ,  rpm).
One o f  the two RDC's used in t h e i r  exper i ment a l  
work i s  s i m i l a r  in dimensions to the one p r e s e n t l y  under  
i n v e s t i g a t i o n  w i th  t he  only  d i f f e r e n c e  being the number o f  
compar tments.
Miyauchi  e t  a l . ^ c a r r i e d  out exper i ment a l  work 
on a t w o - s t a g e  u n i t  under f l o w  and non- f low c on d i t i o n s  and 
obt a i ned  t he  f o l l o w i n g  c o r r e l a t i o n s :
For nOp/v > 1 . 2  x i c f :
f / n D p  = 4 . 3  X 1 0 " 3 ( D c / H ) 0 ' S ( D c / D s ) ° ' 2 5  ( I I - 1 9 a )
and f o r  nO^/V < 1=2 x 10^:
f /nDp = 4 . 5  x 1 0 ' ^ ( D ^ / H ) ° - ® ( D ç / D g ) ° - ^ ^ ( n D j / V ) ’ ° ' ^  ( I I - 1 9 b )
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Strand e t  a l . (2 2 ) have reached s i m i l a r  formulae
f o r  t h e  e v a l u a t i o n  o f  a x i a l  mix ing c o e f f i c i e n t s ,  g iven as 
f o l l o w s  :





E ,  = 0 . 5  + 0 . 0 9 ( 1  -  e )  17—
2i
( I I - 2 0 a )
and f o r  the d ispersed  phase,
sE D N
= 0 . 5  + 0 . 9 c  - ÿ - D.
2i
( I I - 2 0 b )
The above formulae  g i ve  the average values o f  the a x i a l  
mixing c o e f f i c i e n t s .
I f  the v a r i a t i o n  in t he  a x i a l  mixing c o e f f i c i e n t s  
along the column ax i s  i s  r e q u i r e d ,  G e l ' p e r i n  e t  a l .  ̂
have determined the c o e f f i c i e n t s  of  E^(h)  by t he  pulse  
method.  They found t h a t  the  dependence o f  E^ on t he  impor ­
t a n t  process parameters  can be descr ibed s a t i s f a c t o r i l y  by 
the  f o l l o w i n g  c o r r e l a t i o n :
E j ( h )  = aVgh + bO^Nh ( 1 1 - 2 1 )
where a and b a re  const ant s  c h a r a c t e r i z i n g  t he  column.
For RDC the above eq u a t i o n  can be reduced to the  
f o l l o w i n g  form which takes i n t o  account  the e f f e c t  o f  the  
column- to  r o t o r - d i a m e t e r  r a t i o :
E j ( h )  = 0 . 5  Vgh + 0 . 0 1 2  hO^N(D^/D^)^ ( 1 1 - 2 2 )
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I t  should be noted t h a t  the f i r s t  term i n  the  above 
equat ion accounts f o r  t he  e f f e c t  o f  the  h e i g h t  w h i l e  the  
second term accounts f o r  the  i n t e n s i t y  o f  m i x i n g .
I n t e r f a c i a l  Area of  Contact  and Mass T r a n s f e r  C o e f f i c i e n t s  
Two o f  the most i mp o r ta n t  f a c t o r s  govern i ng  mass 
t r a n s f e r  in l i q u i d - l i q u i d  e x t r a c t i o n  processes a re  the drop 
s i z e  d i s t r i b u t i o n  and the  mass t r a n s f e r  c o e f f i c i e n t s .  The 
p a t t e r n  o f  change of  these parameters  has been s t u d i e d  by 
var ious  exper i ment a l  methods ( e . g . ,  pho t o gr aphy ,  sedimenta ­
t i o n ,  t ransmi ss i o n  and d i s p e r s i o n  o f  l i g h t )  under  a wide  
v a r i e t y  o f  c o n d i t i o n s .
(1 )  I n t e r f a c i a l  Area o f  C o n t a c t :
S t a r t i n g  from t he  e q u a l i t y  o f  t h e  c a p i l l a r y  p r e s ­
sure and the dynamic pressure  o f  the  t u r b u l e n t  p u l s a t i n g  
e dd i e s ,  one could obt a i n  the f o l l o w i n g  e q u a t i o n  f o r  the  
average d i amet e r  o f  a d i sper sed  l i q u i d : ^ ^ ^ ' ^ ^ ^ )
d = 0 . 2  ' o . 4  ( 1 1 - 2 3 )
Pc $
( 33)
The same formula  had been o b t a i n e d  by H i n z e '  '  
from the c on d i t i o n  t h a t  the r a t i o  o f  t h e  d r op ' s  k i n e t i c  
energy and s ur f ace  energy i s  const ant  ( f o r  maximum s t a ­
b i l i t y  o f  the drop d i a m e t e r ,  K-| = 0 . 7 2 5 ) .  Vermeulen e^
( 34)
a l . '  have s tud i ed  the d i s p e r s i o n  o f  l i q u i d s  i n  two
g e o m e t r i c a l l y  s i m i l a r  m e c h a n i c a l l y  a g i t a t e d  columns.  They 
found t h a t  the mean volume s u r fa ce  drop d i a me t e r  can be
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c a l c u l a t e d  from Equat ion ( 1 1 - 2 3 )  w i th  = 0 . 0 8 3 5 .  The 
v a l u e  o f  * i s  r e l a t e d  t o  a u n i t  volume o f  t he  l i q u i d  being  
mixed.  Miyauchi  and Oya^* * )  s t u d i ed  t h e  f i n e  d i s p e r s i o n  
which occurs in a pulsed s i e v e - p l a t e  column,  using a l i q u i d  
system MIBK-Water  and f a i l e d  to f i n d  t he  law governing t h e  
change in .
L i t t l e  work has been done on d i s p e r s i o n  i n  c o n t i n -
( 2 2 )
uous f low e x t r a c t i o n  columns.  St rand e t  a l . '  '  s t ud i ed  
the  law governing t h i s  phenomenon in RDC's.  At tempts by 
Ol ney^* ^ )  t o  determine drop d i amet e r  i n  an e x t r a c t i o n  
column from the c h a r a c t e r i s t i c  drop v e l o c i t y ,  can h a r d l y  
be considered  as l e g i t i m a t e ,  because coa l escence  and r e ­
d i s p e r s i o n  have not been taken i n t o  a ccount .  In f a c t ,  the  
l i t e r a t u r e  cont a i ns  no q u a n t i t a t i v e  da t a  on the  e f f e c t  o f  
mass t r a n s f e r  on the  drop d i a m e t e r  and the  i n t e r f a c e  s ur f a ce
F i n a l l y ,  i t  may be noted t h a t  the  r a t e  o f  mass 
t r a n s f e r  i s  d e t e r mi ne d ,  not  on l y  by t he  a r ea  of  the  i n t e r ­
f a c e  s u r f a c e ,  but  a l so  by the  a c t u a l  drop s i z e  o f  the  
di  sp er s i on .
( 2 )  Mass T r a n s f e r  C o e f f i c i e n t s :
The problems o f  mass t r a n s f e r  i n  e x t r a c t i o n  columns 
have a t t r a c t e d  the a t t e n t i o n  o f  many w o r ke r s .  The com­
p l e x i t y  o f  the  process is due t o  the f a c t  t h a t  i t  i s usu­
a l l y  governed by the d i f f u s i o n ,  both i n  cont inuous and 
d i sp er se d  phases,  and the  t r a n s f e r  o f  the s o l u t e  in  the  
l a t t e r  phase is unsteady.
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U n f o r t u n a t e l y ,  t h e r e  are  no r e l i a b l e  methods f o r  
d i r e c t  e v a l u a t i o n  o f  mass t r a n s f e r  c o e f f i c i e n t s  in the two 
phases o r  f o r  t h e i r  d e t e r m i n a t i o n  from the values o f  the  
o v e r a l l  mass t r a n s f e r  c o e f f i c i e n t s .
The d i f f e r e n c e  between t he  m a s s - t r a n s f e r  mechanisms 
in the cont inuous and the d i s p e r s e d  phases,  reduces to a 
marked d i f f e r e n c e  between t h e  methods proposed f o r  t h e i r  
d e s c r i p t i o n .
( a )  For the  Dispersed Phase:
(41 )
The s i m p l e s t  model o f  m a s s - t r a n s f e r  i n  a drop 
(assuming i t  i s  c on f i rmed)  p o s t u l a t e s  the absence o f  c i r ­
c u l a t i o n  c u r r e n t s  and t r a n s f e r  o f  s o l u t e  e x c l u s i v e l y  by 
mo l ec u l a r  d i f f u s i o n .  F u r th e r m o r e ,  i t  i s  assumed t h a t  the  
l i m i t i n g  s tage  o f  m a s s - t r a n s f e r  i s  the d i f f u s i o n  r e s i s t a n c e  
of  the d i sper s e d  phase.
The s o l u t i o n s  given by Ca l d e r b a n k , ^ H a n d l e s ,  
and Thornton^^^)  f o r  the degree  o f  s a t u r a t i o n  of  a s i n g l e  
drop by a substance d i f f u s i n g  i n t o  i t ,  enable us to p r o ­
ceed to an expr ess i on  f o r  Kj  ( t h e  c o e f f i c i e n t  o f  mass
i
t r a n s f e r  o f  phase i ) .
In the  work done by S k e l l a n d  e t  a l . ( 4 8 , 4 9 , 1 0 5 )  g^d 
Wel lek e t  a l . j  the  e q u a t i o n s  f o r  f o r  var i ous  models 
are given as f o l l o w s :
1. For "Hard Globule"  Model"
- y  exp
( d / 2 ) '
( 1 1 - 2 4 )
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2.  For " C i r c u l a t i o n  Cur rents  i n  the  Drop" Model :
= -  FT  i ®n " P
1GDyiPe
( d / 2 ) '
where and are  c o e f f i c i e n t s  o f  the  s e r i e s .
3.  For "T u r bu l en t  Mix ing"  Model :
'‘d = -  I t B„ e x p -X
16Dj tPe
" 2048 d^
( 1 1 - 2 5 )
( 1 1 - 2 6 )
At drop s a t u r a t i o n  l ess  than 0 . 5  Equat ion ( 1 1 - 2 4 )  





( 1 1 - 2 7 )
and Equat ion ( 1 1 - 2 5 )  to t he  f o l l o w i n g :
1 -  RÎ5 "Ddt^l  e W 2 T I ( 1 1 - 2 8 )
For c o n d i t i o n s  o f  i n t e n s i v e  c i r c u l a t i o n  ( o r  f l u c ­
t u a t i o n )  in the  d r op ,  and by s topp i ng  a t  t h e  f i r s t  term 
o f  the s e r i e s ,  Equat ion ( 1 1 - 2 6 )  becomes:
0 .00375  V ( 1 1 - 2 9 )
( 41 )I t  has been e s t a b l i s h e d ' " ^ ' ^  t h a t  the  c i r c u l a t i o n  




( 1 1 - 3 0 )
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(b )  For the Cont inuous Phase:
Higb i e^^^)  p o s t u l a t e d  a t heor y  o f  p e n e t r a t i o n .  
According to t h i s ,  mass t r a n s f e r  in the cont inuous phase 
i s  e f f e c t e d  d i r e c t l y  by the t r a n s i e n t  m o l e c u l a r  d i f f u s i o n  
towards the i n t e r f a c e  and away from i t  to  t h e  core o f  the  
c u r r e n t  in a t ime At .
His e quat i on  to det e rmine  the  c o e f f i c i e n t  o f  mass-  
t r a n s f e r  in  the  cont inuous phase dur ing i t s  c o n t a c t  wi th  a 
drop o f  d i amet e r  ( d^)  is g i ven  by:
ÆTv
^  "  V 7 T  ( 1 1 - 3 1 )
To descr i be  the  mass t r a n s f e r  i n  t he  cont inuous  
phase,  Danckwerts^^^) proposed a model f o r  t h e  s u r fa ce  r e ­
newal ,  by t h i s  means i t  was found t h a t :
kg = / D ^  ( 1 1 - 3 2 )
where S is  the s p e c i f i c  r a t e  of  sur f ace  re newa l .
Levich^^^^ a l l owe d  f o r  t he  na ture  o f  t he  movement
o f  the cont inuous phase around a drop and gave the f o l l o w ­
ing equat i on  f o r  t he  m a s s - t r a n s f e r  c o e f f i c i e n t  f o r  the con­
t i nuous  phase:
0 ^ 1  0 . 5  
d / 2
 ̂ ( 1 1 - 3 3 )
This  equat i on  is  l i m i t e d  f o r  the c on d i t i on s  < 1 ( f o r  t he  
d r o p ) .
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Kafarov^^^)  concluded t h a t  in the presence o f  
developed t u r bu l ence  the  substance is  t r a n s f e r r e d  ma in l y  
by t u r b u l e n t  d i f f u s i o n ,  so t h a t  the e f f e c t  o f  t he  i n d i v i ­
dual  d i f f u s i o n  p r o p e r t i e s  o f  the  system become n e g l i g i b l e .  
According t o  Lev i ch ,  t he  c o e f f i c i e n t  o f  m o l e c u l a r  d i f f u ­
sion r e t a i n s  i t s  va l ue  under any hydrodynamic c o n d i t i o n s .
Conclusions
The holdup model i s  a c c ur a t e  to  p r e d i c t  the  holdup 
f r a c t i o n  o f  the d i spersed phase a t  any l e v e l  o f  o p e r a t i o n .  
The f l o o d i n g  holdup values p r e d i c t e d  by t h i s  model seemed 
f a i r l y  h i gh e r  than the a c t u a l  l e v e l  a t  which f l o o d i n g  takes  
p l a c e .  T h e r e f o r e ,  a s a f e t y  f a c t o r  o f  15% more was a l lowed  
to make sure t h a t  t he  process has not  reached t he  c r i t i c a l  
r e g i o n .
I f  the me ch a n i c a l l y  a g i t a t e d  column i s  d i f f e r e n t  
in  t y pe  from the one used in t h i s  study ( e . g .  Oldshue,  
T r e y b a l ,  Misek ,  S c h e i b e l ,  and M i x e r - S e t t l e r ) , and i t  i s  
d e s i r e d  t o  replace  the a x i a l  mixing c o r r e l a t i o n  by a more 
a c c ur a t e  one,  i t  can be c a r r i e d  out  e a s i l y  by r e p l a c i n g  the  
e q u i v a l e n t  set of  s ta tements  in Subr out i ne  ABMAT given in 
Chapt er  5.
As shown i n  t he  above r e v i e w ,  t he  model r e p r e s e n t ­
ing t h e  m a s s - t r a n s f e r  o p e r a t i o n  i s  ma i n l y  based on a s i n g l e  
drop o n l y .  T h e r e f o r e ,  i t  can be used to r e p r e s e n t  spray  
columns where the d ispersed  phase i s  i n t r o d u c e d  in a form 
o f  a s p r ay .  However,  t hey  could h a r d l y  r e p r e s e n t  e x t r a c -
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t i o n  columns w i t h  i n t e n s e  phase m i x i n g ,  accompanied by 
r epea t ed  f i n e  s u b d i v i s i o n  and coalescence  o f  the  drops and 
severe checks t o  the  d i spersed  phase.
Under these c i r c u m s t a n c e s ,  a t h e o r e t i c a l  d e s c r i p t i o n  
of  mass exchange i s  made d i f f i c u l t  by many f a c t o r s  such as 
the p a u c i t y  o f  data  on the  laws governing the  f or ma t i on  
of  t he  i n t e r f a c e  s ur f a ce  and t h e  absence of  methods f o r  
d i r e c t  d e t e r m i n a t i o n  o f  the  c o e f f i c i e n t  o f  mass t r a n s f e r .
F i n a l l y ,  i t  would be advantageous to by-pass the  
d i r e c t  i nvo lvement  i n  the exper i ment a l  e v a l u a t i o n  o f  these  
c o e f f i c i e n t s  by s o l v i n g  the  s t e a d y - s t a t e  mass t r a n s f e r  
e quat i ons  in a d imensi on l ess  form and to c a l c u l a t e  the  
NTU's,  which i n c l u d e s  the  o v e r a l l  mass t r a n s f e r  c o e f f i c i e n t  
and t he  i n t e r f a c i a l  a rea  o f  c o n t a c t .
D e t a i l s  about  the  s t e a d y - s t a t e  m a s s - t r a n s f e r  equa­
t i o n s ,  numer ica l  s o l u t i o n ,  t he  computer program w r i t t e n  f o r  
t h i s  purpose and g r a p h i c a l  r e p r e s e n t a t i o n  f o r  t h e  numer ica l  
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Fig 4, Flowdiagram For The Holdup Program.
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X orm Y
Rg. 7 : Concentration distribution in an extractor; 
I  curve ABÜE , actual distribution of X, 
2 curve FGHK, same for Y,
3.curve AD'E,apparent distribution of X,
4.curve FH'K , same for Y.
( Miyauchr and Vemneulen (1963)) •
CHAPTER I I I  
STEADY STATE MODELLING
I n t r o d u c t i o n
There are  two ways o f  mo d e l l i n g  m a s s - t r a n s f e r  op­
e r a t i o n s  in cont inuous c o u n t e r c u r r e n t  l i q u i d - l i q u i d  e x t r a c ­
t i o n  processes:
1. D i f f e r e n t i a l l y  cont inuous  mode l s , i n  which a d i f ­
f e r e n t i a l  e l ement  i s  t he  u n i t  f o r  m a t e r i a l  b a l a n c e .
A schemat ic diagram f o r  t h i s  type o f  p r e s e n t a t i o n  
i s  shown in F i g u r e  8.  The genera l  mathemat i ca l  
s t r u c t u r e  o f  t h i s  type  o f  model i s  a second o r d e r  
o r d i n a r y  d i f f e r e n t i a l  e quat i on  which could be l i n ­
ear  or  n o n l i n e a r ,  and homogeneous or  non-homogeneous, 
depending on t he  c o n d i t i o n s  o f  m a s s - t r a n s f e r  p r o ­
posed in t he  assumpt ions .
2.  Stagewise d i s c r e t e  mo d e l s , in which a d i s c r e t e  
a c t ua l  mixed c e l l  or  t h e o r e t i c a l  stage is  used as 
a u n i t  f o r  m a t e r i a l  ba l ance .  F i gure  8 shows a 
schemat ic diagram f o r  t h i s  type  o f  p r e s e n t a t i o n .  
Exchange o f  m a t e r i a l  between two a d j a c e n t  stages
i s  due to net  f l o w s ,  (L and G ) ,  o f  t he  main streams  
and an a d d i t i o n a l  b a c k f l o w ,  o f  the mixed phases,
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which occurs i n  each d i r e c t i o n  and is  the sum o f  
i n d i v i d u a l  phase backf lows s ( s o l v e n t )  and f  ( f e e d ) .  
T h e r e f o r e , the t o t a l  f l ows between a d j ac e n t  stages  
a re  G + f , s  and L + s , f .
For the  l i m i t i n g  case o f  s + f  -»■ 0 ,  t h i s  system
reduces to a "stage model " o f  p e r f e c t l y  mixed c e l l s  in  
cascade.  For anot her  l i m i t i n g  c a s e , w i th  n >> 1 ,  the system 
reduces to the  " d i f f e r e n t i a l  model" which assumes mean d i f -  
f u s i v i t i e s  and mean v e l o c i t i e s  f o r  both cont inuous and d i s ­
persed phases ( s i m p l i f i e d  c a s e ) .
The l o n g i t u d i n a l  and backmixing c o e f f i c i e n t s  are  
def i ned by equat i ons  ( 1 1 - 1 9 )  to ( 1 1 - 2 2 )  g iven i n  Chapter  I I .  
Backmixing w i l l  be taken to mean e n t r a i nment o f  one phase 
in the main f l o w  o f  the  o t h e r  i n  stagewise  models ,  and 
l o n g i t u d i n a l  d i s p e r s i o n  or  eddy d i f f u s i o n  in the  d i f f e r e n ­
t i a l  l y  cont inuous  one.  The e f f e c t  o f  backmixing on e f f i ­
c iency f o r  cont inuous c o u n t e r c u r r e n t  e x t r a c t i o n  processes  
f o r  d i f f e r e n t  s t a r t i n g  assumpt ions is  s t u d i e d  here .
Cont inuous Model w i t h  A x i a l  Di spers i on
{541
The model deve loped by S l e i c h e r '  '  i s  an i d e a l i z e d  
d i f f u s i o n  model f o r  a three -component  p h y s i c a l  system.  The 
f o l l o w i n g  assumpt ions a re  p o s t u l a t e d :
1.  The backmixing o f  each phase may be c h a r a c t e r i z e d  
by a cons t an t  a x i a l  d i f f u s i o n  c o e f f i c i e n t .
2.  The boundary c o n d i t i o n s  assumed f o r  models o f  t h i s  
t y p e ,  which a r e  determined by m a t e r i a l s  balances
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around each phase a t  each end o f  the  column and 
have been discussed at  some l en g t h  in the  l i t e r a -  
ture^^^^ a re  a p p l i c a b l e  here .
3. The v e l o c i t y  and c o n c e n t r a t i o n  o f  each phase are  
const ant s  across t h a t  p a r t  o f  the  column which is  
occupied by the phase.
4. The s o l ve nt  and s o l u t e - f r e e  r a f f i n a t e  phases are  
i mm i s c i b l e  ( o r  t h e i r  s o l u b i l i t y  does not  change 
w i t h  s o l u t e  c o n c e n t r a t i o n  and hence the column 
h e i g h t ) .
5. The volume f l o w  r a t e s  f o r  the s o l v e n t  and c a r r i e r  
phases do not  change w i t h  h e i g h t .
6. The d i s t r i b u t i o n  c o e f f i c i e n t  i s  c o nst an t  and i s  not  
a f u n c t i o n  o f  c o n c e n t r a t i o n .
7. The product  o f  mass t r a n s f e r  c o e f f i c i e n t  and the  
i n t e r f a c i a l  area per  u n i t  volume i s  co n s t an t  t h r o u g h ­
out  the column.
8. The g r a d i e n t s  o f  s o l u t e  c o n c e n t r a t i o n  in each phase 
a r e  c o n t i nu o u s ,  t h a t  i s ,  t h e r e  are  no d i s c o n t i n u i ­
t i e s  o f  the  type t h a t  would occur  in a s e r i e s  of  
d i s c r e t e  w e l l - m i x e d  s t ages .
F i gur e  8 shows the  n o t a t i o n  and the  model parameters  
based on these  assumpt ions .  The governing d i f f e r e n t i a l  
equat i on  i s :
2
-G ^  + AE ^  = K aA(x -  x * )  ( I l l - l a )on X X
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2
■L ^  -  AE„ i - f  = K aA(x -  X * )  ( I l l - l b )
an y  x
The boundary c o n d i t i o n s  a re :
AE,  ^  + Ly = L y , „  
^ = 0
( i n - 2 )
a t  h = 0
a t  h = Z
When E = E = 0 ,  the model reduces to t h a t  f o r  
X y
p l u g - f l o w  c o n d i t i o n .  When E = E = « ,  t h e r e  is p e r f e c t
X y
mixing in both phases and the column becomes one l a r g e  
s t i r r e d  t a nk .
The gener a l  s o l u t i o n  of  Equat ion ( I I I - l )  w i t h  the  
boundary c o n d i t i o n s  given by Equat ions ( I I 1 -2 )  and ( I I I - 3 )  
i s  deve loped,  f o r  cons t an t  backmixing and l i n e a r  e q u i l i b r i u m  
r e l a t i o n s h i p ,  a n a l y t i c a l l y  by both S l e i cher ^^^^  and H a r t l a n d  
and Mecklenburgh.
A computer program (STSTM #1)  has been w r i t t e n  to  
c a l c u l a t e  the c o n c e n t r a t i o n  p r o f i l e s  f o r  wide range o f  op­
e r a t i n g  c o n d i t i o n s .
Cont inuous Model w i t h  L o n g i t u d i n a l  D i sper s i on
M i y a u c h i ) in a s i m i l a r  s tudy  to t h a t  conducted  
by S l e i c h e r ,  made h is  s t a r t i n g  p o i n t  the  equat i on  o f  con­
t i n u i t y  developed by Damkohler  f o r  s i n g l e - p h a s e  cont inuous
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f l ow  shown below:
3X .
= -  d i v ( - D .  grad x j  -  d i v ( u x - )  -  * ( x . ) ( I I I - 4 )
OT J J J J
For a one-d imensional  s t e a d y - s t a t e  f l o w  system in 
which c on s t an t  d i f f u s i v i t y  of  the j - t h  component can be as ­
sumed, Damkohler ' s  equat i on  becomes :
d^x.  dx
^  dTT - °
Two phase c o u t e r c u r r e n t  systems can be t r e a t e d  by 
an e x t en s i on  to t h i s  e quat i on .  This  can be ach i eved  by i n ­
t r o d u c i ng  t he  volume f r a c t i o n  f o r  each phase , and s u b s t i t u t i n g  
the mass t r a n s f e r  term f o r  <j)(Xj):
( I I I - 6 )
These equat i ons  are  b a s i c a l l y  the same as Equat ion  
( I I I - l ) ,  and both are  based on the  assumpt ion t h a t  the  
d i sper sed  phase behaves as another  cont inuous phase.  This  
i s  a f a i r l y  r easonab l e  assumption provided t h a t  enough 
coalescence  and r e d i s p e r s i o n  take  p l ace  in the  cont inuous  
p r o c es s .
Rear r ang i ng  the above equat i ons  i n t o  d i mensi on l ess  
f orm,  g i ves
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T / ,  (X -  mY) = 0
y e,
where X = x / x ° ,  Y = y / x ° ,  Pe^ = U^H/E^,  Pe^ = U^H/E^,
: x  = K x ^ " / F x '  = Y " / F y .  Ux = V ^ x '  "y  = Y ^ y '
and Z = h/H.
d^X n dX
Y ï ï i
P ÿ r
dZ^ Gy dZ
( I I I - 7 )
Boundary Condi t i ons  
At Z = 0
dX
^dZ 
At Z = 1
dXl
dZ
= P e ^ d  -  Xq ) ,
dY
dZ =  0
0 , dYdZ = P e / Y ^  -  y 1)
Fi gur e  9 shows a d i a gr a m a t i c  p r e s e n t a t i o n  f o r  the  
c o n d i t i on s  o f  f l o w  assumed in t h i s  model .
A computer  program has been w r i t t e n  f o r  the s o l u t i o n  
of  the above model equat ions (STSTM # 2 ) ,  f o r  the same i n p u t  
v a r i a b l e s  as those used in the prev i ous  model (STSTM # 1 ) .  
Figure 10 shows a f l o w  char t  f o r  the program.  The symbols 
used in t h i s  c h a r t  are  those used in the o r i g i n a l  paper by 
M i y a u c h i .
A s p e c i a l  case f o r  STSTM #2 i s  the p l u g -  or p i s t o n -  
f l o w  case which has a lso  been solved (STSTM #3)  to be used 
as a guide f o r  a comparison to be c a r r i e d  out  between the  
d i f f e r e n t  cases.
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C h a r a c t e r i s t i c s  o f  S l e i c h e r ' s  and M i y a u c h i ' s  Models 
(STSTM # 1 and STSTM # 2)
From numer ical  r e s u l t s  o b t a i n e d  f o r  the  c on c e nt r a ­
t i o n  p r o f i l e s  a t  wide range o f  o p e r a t i n g  c o n d i t i o n s ,  the  
f o l l o w i n g  c h a r a c t e r i s t i c s  can be deduced:
1. Both models resemble each o t h e r  and the  d i f f e r e n c e  in  
r e s u l t s  were not  s i g n i f i c a n t ;  t h i s  i s  e v i d e n t  from the  
s i m i l a r i t y  between the  e quat i ons  so l ve d .  The basic  
d i f f e r e n c e  i s  in  t h e  method o f  s o l u t i o n .  Whi le  S l e i c h e r  
solved the two second order  e qu a t i o n s  s e p a r a t e l y ,
Miyauchi  augmented them i n t o  one f o u r t h  o r d e r  homogeneous 
d i f f e r e n t i a l  e qu a t i o n  be f o r e  s o l v i n g  i t .
2.  The c o n c e n t r a t i o n  d r i v i n g  f o r c e  between two-phases is
o b v i o u s l y  lowered by backmixing in  both phases.
3.  When l o n g i t u d i n a l  d i s p e r s i o n  i s  s i g n i f i c a n t ,  the con­
c e n t r a t i o n  o f  the incoming s t ream increases  or decreases
a b r u p t l y  a t  t he  p o i n t  the  s t ream e n t e r s  the column. On 
t he  c o n t r a r y ,  the c o n c e n t r a t i o n  curve f o r  t he  outgoing  
streams becomes f l a t  as i t  approaches the  o u t l e t .
Th i s  i s  expected from the  boundary c o n d i t i o n s  p o s t u l a t e d .  
Equat ion ( I I I - 8 ) .
4.  When e x t r a c t i o n  i s  accompanied by l o n g i t u d i n a l  d i s p e r s i o n ,  
t he  e x t e n t  o f  e x t r a c t i o n  decreases  i n  comparison wi th
the  p i s t o n - f 1ow cas e ,  e s p e c i a l l y  a t  high NTU, and low 
values o f  Peel  e t  numbers.
F i n a l l y ,  p o i n t s  1 to 4 g i ven above are  w e l l  understood  
in c o n j un c t i o n  w i t h  F i g u r e  12 g i ven  l a t e r  in t h i s  Chapter .
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Cont inuous Model w i t h  End E f f e c t s
This  model has been developed by Wi1 b u r n ^ i n  which 
the boundary c o n d i t i o n s  are  a l t e r e d  to c o ns i der  the  ends as 
w el l  as the e f f e c t i v e  s ec t i o n  o f  the column. F i gure  12 
shows t he  schemat ic f o r  t h i s  new r e p r e s e n t a t i o n .
Model Equat ions
In t h i s  r e p r e s e n t a t i o n  a sepa r a t e  set  o f  equat i ons  
has been w r i t t e n  f o r  each s e c t i o n  o f  the  column.  The t o t a l  
h e i g h t ,  in d imensionless  form,  o f  the column becomes equal  
to (6 + 1 .0  + a), the x -phase i s  i n t r oduced  a t  Z = 0 ,  and
leaves a t  Z = 1 . 0  + a, w h i l e  y - phase  i s  i n t r o d u c e d  a t  Z =
1 . 0 ,  and l eaves at  Z = 5 + 1 . 0 .
The r eg ion  6 <  Z <  0 i s  g iven the number 1 ,  0 <  Z
< 1 is given the number 2 ,  and 1 < Z < 1 + a i s  given t h e  
number 3.
Region 1 :
The x-phase convec t i on  term vanishes in Equat ion  
( I I I - 6 )  and can be w r i t t e n  as f o l l o w s :
"x^x jj;;2 ■ "^x=[^( i )  ■ "’^ ( 1 ) ^  " °
2 ( I I I - 9 )
^ y ^  ^  d h ^   ̂ ■ n>y(l)^ = 0
Region 2 :
The two equat i ons  r e pr es e n t e d  in t h i s  s e c t i o n  ( t h e  
e f f e c t i v e  h e i gh t  o f  the  column) are  s i m i l a r  to  those g iven
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by Equat ion ( I I - 6 )  and can be w r i t t e n  as f o l l o w s :
d^x
H I
E» - 4 ^  + F» 4 ^  + Kx3[X(2 )  -  my^^ J  = 0
( I I I - I O )
y dh ( 2 )
Region 3 :
The y - phase  convect ion term vanishes i n  Equat ion  
( 1 1 1 - 6 )  which can be w r i t t e n  as f o l l o w s :
d ^ ( 3 )
^ y ^  ^ 7 ^ "  V [ ' ( 3 )  - V ( 3 ) ^  = 0
( I I I - l l )
The above s e t  of  equat i ons  ( I I I - 9  to 11)  f o r  the  
t h r ee  s ec t i on s  o f  the  column could be w r i t t e n  in a more com­
pact  f o r m,  using t he  d imensi on l ess  v a r i a b l e s  (ii) and r ) ,  as 
f o l l o w s :
dijj.
dZ^  ■ '’ j  ■ ‘■ j ’ '  “
d ^ r . d r .
dZ'
( I I I - 1 2 )
f o r  j  = 1 , 2 , 3 ,  where
♦ j ( Z )  =
X -  mY
1 -  mY1
and P j ( Z )  =
m(Y - Y^) l
1 -  mY'
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(Y^ i s  the i n l e t  s o l v e n t  c o n c e n t r a t i o n  f o r  each sec ­
t i o n  o f  the column)
P. ( e Pe^ ) = R,  {= Pe„ ) = 0 ,
( 1 ) ^ ( 3 )
Pg = Pg = P , and R-] = Rg = R
Boundary Co n d i t i on s :
1.  At  Z = 6






2.  At Z = 0
( ♦ , ) „ =  ( » 2 ) „ :  ( r , ) »  = ( r ; ) . ;
f d p l ’
[dZ 0 [dZ
( I I I - 1 4 )
P[1 -  (^2^0^ =
3.  At Z = 1
(4^2) ] ~ ('('g) 1 i
d^g'
[dZ 0 [dZ
( r g ) i  = ( r g^ i  ;
d^g' fd^3]
[dZ 1 9 T - 1
P[0 -  ( r g ) ^ ]  =
fdr3l
FT" 1
4.  Z = A
d^g dTg'




( I I I - 1 6 )
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A computer program has been w r i t t e n  f o r  the s o l u t i o n  
of  t h i s  model equat i ons  (STSTM # 4 ) .  The c o n c e n t r a t i o n  p r o ­
f i l e s ,  f o r  x - phase ,  f o r  the  f o u r  developed d i f f e r e n t i a l l y  
cont inuous models are  shown i n  F i gur e  13.
I nput  V a r i a b l e s  f o r  the D i f f e r e n t i a l  Models
In  o r der  to e v a l u a t e  the c o n c e n t r a t i o n  p r o f i l e  and 
a c t u a l  number o f  t r a n s f e r  u n i t s  (NTU^^) f o r  a s p e c i f i c  column,  
the f o l l o w i n g  parameters must be e v a l u a t e d :
1.  Peel  e t  numbers f o r  each phase
2 .  P l u g -  or p i s t o n - f 1ow NTU's,  and
3.  The e x t r a c t i o n  f a c t o r .
To e v a l u a t e  the f i r s t  two,  e m p i r i c a l  and semi - empi ­
r i c a l  f o r mul ae  w i l l  be used i ns te a d  o f  e x p e r i m e n t a l l y  d e t e r ­
mined v a l u e s .  The t h i r d  w i l l  be de f i ne d  by the e q u i l i b r i u m  
r e l a t i o n s h i p  and mass f low r a t e s  o f  both phases.
1. Peel  e t ' s number o f  each phase has been e va l u a t e d  f o r
any c o n d i t i o n  o f  o p e ra t i o n  ( f l o w  r a t e s  and s h a f t  s pe e d) ,
( 1 R1using an e m p i r i c a l  formula  developed by W e s t e r t e r p '  '
f o r  a column s i m i l a r  in dimensions to the  one used in
t h i s  s tudy .  Th i s  can be r e w r i t t e n  as f o l l o w s :
Pe; = ----------  T m  7 ( 1 1 1 - 1 7 )(NO )
1 + 0 . 0 1 3 r
i « i  ]
2.  P l u g -  or  pi s t o n - f l o w  number o f  t r a n s f e r  u n i t s  (NTUp) :  
The l o g a r i t h m i c  mean d r i v i n g  f o r c e  formula  given by 
T r e y b a l i s  used i n  t h i s  s t u d y .
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l n { ( l  -  4 ' )  ^  + 4 ' }
I  n i i t  /
 r n ^ w ------------
P r e d i c t i o n  o f  the  Measured Number o f  T r a n s f e r  Un i ts  (NTUn î)
As shown i n  Chapter  I I ,  t h e r e  should be t h r e e  d i f ­
f e r e n t  numer ical  va lues  o f  NTU's,  depending on the  d e f i n i t i o n  
of the  c o n c e n t r a t i o n  d r i v i n g  f o r c e :
1. True value  d e f i n e d  as the  r a t i o  o f  v o l u m e t r i c  f low r a t e  
across a u n i t  s e c t i o n  t o  the t r u e  o v e r - a l l  c o e f f i c i e n t  
o f  m a s s - t r a n s f e r .
2. Measured va l ue  d e f i n e d  by the f o l l o w i n g  e qu a t i o n ,  and 
which can be e v a l u a t e d  f rom t h e  c o n c e n t r a t i o n  p r o f i l e s  
f o r  the X -  and y - phases :
■X
NTU„ ( U I - 1 9 )
z=o
and
" NTU ,̂ ( I I I - 2 0 )
Since Equat ion ( I I I - 1 9 )  i s  c a l c u l a t e d  in t h e  d imensionless  
f o r m,  Z has been r e p l a c e d  by the v a l ue  one in Equat ion  
( I I I - 2 0 ) .
3. P l ug-  or  P i s t o n - f l o w  Value d e f i n e d  in  terms o f  the
loga r i t hmi c - me a n  d r i v i n g  f o r c e .  Equat i on  ( I I I - 1 8 ) ,  c a l ­
cu l a t ed  from the  e x t e r i o r  incoming and outgoing concen­
t r a t i o n s  a t  both ends o f  the column.
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Equat ion ( I I I - 1 9 )  can be e v a l u a t e d  by s u b s t i t u t i n g  
f o r  X and dx by the e q u i v a l e n t  f rom:
a.  M i y a u c h i ' s  s o l u t i o n  (STSTM #2)
A..Z
X -  mY = (1 -  mV  ̂ ) J | j _ i ( l  -  Sj )Aje
I d   ̂i ̂
dX = (1 -  my ) ^  dZ
A c c o r d i n g l y ,  one has:
( I I I - 2 1 )
NTU„ ( '  -  ( i n - 2 2 )
This  equat i on  i s  w r i t t e n  f o r  a column w i t h  a t o t a l  h e i gh t  
Z = 1 in d imensi on l ess  f or m,  c o n s i d e r i n g  t h e  t o t a l  h e i g h t  
as an e f f e c t i v e  s e c t i o n .
b. Backf low Model w i t h  Ends E f f e c t  S o l u t i o n  (STSTM #4)  
The m o d i f i c a t i o n  g i ven  here  i s  developed by the  
aut hor  r e l y i n g  on t h e  p r i n c i p l e s  and c o n d i t i o n s  developed  
p r e v i o u s l y  by Mi yauch i .
For t h i s  model the  t o t a l  h e i g h t  i n  d imens i onl ess  
form i s  the  sum of  t he  h e i g h t s  o f  t h e  t h r e e  sec t i ons  ( t o p ,  
e f f e c t i v e ,  and b o t t om) .  T h e r e f o r e ,  the  i n t e g r a t i o n  l i m i t s  
f o r  Equat ion ( I I I - 1 9 )  w i l l  be m o d i f i e d  to  be from 6 to  
6 + 1 + A i n s t e a d  o f  zero  t o  one,  and wha t ever  the h e i g h t s  
o f  the  two ends in d i men s i on l ess  f o r m ,  Z ( t h e  middle  s e c t i o n )  
w i l l  s t i l l  be equal  to  one.
Equat ion ( 111 - 21 )  can be w r i t t e n  f o r  the t h r e e  
sec t i on s  in compact form as f o l l o w s :
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(X -  mY) j = (1 -  mY^)  ̂ I j _ i (1 -
X . . Z .  ( I I I - 2 3 )
( d X ) .  = (1 - mY^) .  A . . x . . e  ' dZ.
where i = 1,  2 ,  3.
Pu t t i n g  6 = - 0 . 1 ,  Z = 1 . 0 ,  and A = 1.1  would make 
the dimensionless  h e i g h t  correspond to t he  column under study.
Equat ion ( I I I - 2 2 )  w i l l  be w r i t t e n  f o r  the t h r e e  sec ­
t i on s  o f  the column w i t h  NTU^ being the a l g e b r a i c  sum of  
the t h r e e  i n t e g r a t i o n s .
rO.O . x , , Z ,  . X , , Z
NTU„ =
0^°
t ï l = i
( I I I - 2 4 )
The computer a l g o r i t h m  developed f o r  the purpose ,  
using STSTM #4 w i t h  i n p u t  v a r i a b l e s .  Equat ions ( I I I - 1 7 )  and 
( 1 1 1 - 18 )  and measured number o f  t r a n s f e r  u n i t s  (NTUj^) c a l ­
c u l a t i o n ,  Equat ion ( I I I - 2 4 ) ,  shown in F i gur e  14.
Uses o f  t h i s  a l g o r i t h m  w i l l  be po i nt ed  out  i n  due 
course in the  chapt er s  to  f o l l o w  on s t e a d y - s t a t e  o p t i m i z a ­
t i o n  and dynamic m o d e l l i n g .
S t e ad y - S t a t e  Exper i menta l  Runs
The main purpose of  t h i s  step i s  to v a l i d a t e  and 
recommend one o f  t he  t h e o r e t i c a l  models as t he  most f e a s i b l e
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to r e p r e s e n t  the process per formance under s t e a d y - s t a t e .
The system was opera t ed  under s t e a d y - s t a t e  in a procedure  
s i m i l a r  to  t he  one used f o r  holdup measurements,  e x c e p t ,  
changing from one l e v e l  o f  o p e r a t i o n  t o  another  was made 
d i r e c t l y  by s e t t i n g  up the  va l ves  on the de s i re d  r a t e s  and 
wi t h o u t  purging the  column.
Some o f  the r e s u l t s  obta ined were used f o r  the  
comparison purposes.  F i gur e  15 shows f i v e  d i f f e r e n t  t h e o ­
r e t i c a l  methods to c a l c u l a t e  the  number o f  t r a n s f e r  u n i t s .  
From t h i s  f i g u r e  one would recommend both s t e a d y - s t a t e  
models ( w i th  a x i a l  mi x i ng  and wi th a x i a l  mix ing and ends 
e f f e c t )  as the  best  to r e p r e s e n t  the process per formance.
C a r e f u l  s tudy o f  the d i s t r i b u t i o n  o f  the e xper i ment a l  
po i n t s  shows a mean square e r r o r  d e v i a t i o n  ( / Z e ' / n ) o f  
(mG/L) f o r  t he  model w i t h  a x i a l  mixing (curve  4) equal  to  
0 . 4 3 7 ,  and f o r  the model w i th  a x i a l  mixing and ends e f f e c t  
equal  to 0 . 3 6 5 5 .  Th i s  would make the use of  the l a s t  model 
over  the o t h e r  a l t e r n a t i v e s  a d v i s a b l e .
F i n a l l y ,  these  expe r i ment a l  measurements were taken  
f o r  zero s h a f t  speed which make the degree of  e n t r a i nment  
minimum and shows t h a t  both models are c lose in  the  degree  
of  accuracy .  But ,  i t  i s  expected t h a t  the model w i t h  end 
e f f e c t s  w i l l  be f a r  b e t t e r  f o r  h igher  s h a f t  speeds as the  
r a t e  o f  e n t r a i n m e nt  w i l l  i n c r e a s e .  T h e r e f o r e ,  the s t e a d y -  
s t a t e  model w i t h  ends e f f e c t  (STSTM #4)  i s  recommended f o r  








( U d h ^ ) * (G x - A E x ^ ) l  J (U dh^)*(Ly * A E y ^ )
FIG. 8
DIFFERENTIAL BACK MIXING MODEL
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FIG. 9 
5TAGEWISE BACK MIXING MODEL
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BACKFLOW MODEL REPRESENTATION FOR A 
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Fig. 11. Flowchart For Program-Second.



































Pe,= Pe_=16(EXCEPT FOR PISTON- 
*  ^ FLOW MODEL N>3)
0-6 0-8 1-0 M04 0 0-2
(DIMENSIONLESS HEIGHT)
FIG. 13
COMPARISON BETWEEN FOUR STEADY STATE MODELS
1) BACK MIXING MODEL(SLEICHER)
2) BACK FLOW MODEL(MIYAUCHI)
3) PISTON FLOW MODEL
4) BACK FLOW MODEL WITH END EFFECT(WILBURN)
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©  Segm entation
of the column height
[M l:  11-1 I 
|Z1l1):2(M1)*DZl
CALCULATE XOIVD.VC & Œ
I
|z (1 ): 0.0
I -2̂ , 52)
M : I -  1
Mz(n:Z(M)'751
( f )  Calculate the extraction 
coefficient. Apparent number 
of transfer units and . 
Peclefs number.
@  Calculate p q
and check" the condition 
for mass transfer.
^  Calculate the equivalent 
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Fig. 14 Differentially-Continuous Model 
With End Effect.
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0.20.0 0.4 0 . 6 0.8
RAFFINATE CONCENTRATION X^'(DIMENSIONLESS)
FIGURE 15. RELATION BETWEEN EXPERIMENTAL EMPIRICAL AND illEORETICAL 
CALCULATION OF THE RAFFINATE EXIT CONCENTRATION FOR 
DIFFERENT EXTRACTION FACTOR VALUES.
CHAPTER IV 
STEADY-STATE OPTIMIZATION
The O b j e c t i v e  Funct ion
For commercial  purposes,  maximum r e t u r n  on i n v e s t ­
ment ,  or  p r o f i t ,  i s  perhaps the  most common c r i t e r i o n  f o r  
optimum e n g i ne e r i n g  des i gn .
In o r d e r  to compare d i f f e r e n t  t echn i ques  o f  o p t i m i ­
z a t i o n  and to  c a l c u l a t e  the p r o f i t  f o r  a p a r t i c u l a r  chemical  
p r ocess ,  one must f o r m u l a t e  the  o b j e c t i v e  f u n c t i o n  on a 
r e a l i s t i c  b a s i s .
Since the p i l o t - s c a l e  r o t a t i n g  d i s c  c o n t a c t o r  under  
i n v e s t i g a t i o n  is  o p e r a t i n g  on a phys i ca l  system which i s  not  
used i n d u s t r i a l l y  (Amyl A l c o h o l - A c e t i c  A c i d - W a t e r ) ,  i t  is  
i mposs i b l e  to  assign r e a l i s t i c  costs and t h e r e f o r e  f o r mu l a t e  
an o v e r a l l  o b j e c t i v e  f u n c t i o n .
T h e r e f o r e ,  one i s  f o r ced  to o p t i m i z e  the process  
per formance w i t h  r espect  to an o p e r a t i n g  o b j e c t i v e  f u n c t i o n ,  
which i s  o n l y  a measure o f  the  e f f e c t i v e n e s s  o f  the process.
The purpose here i s  not  to d iscuss the d e t a i l e d  as­
pects o f  such an e v a l u a t i o n ,  but  to s e l e c t  a t y p i c a l  form o f  
the co s t  f u n c t i o n  which i s  most l i k e l y  to  s a t i s f y  a wide  
v a r i e t y  o f  o p e r a t i o n s ,  and w i l l  keep t he  c o m pl e x i t y  o f  the
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problem and i t s  s o l u t i o n  w i t h i n  t he  scope o f  a p a r t i c u l a r  
u t i l i t y .
The m a j o r i t y  o f  o p e ra t io n s  demand a product  q u a l i t y  
w i t h i n  c e r t a i n  t o l e r a n c e s .  D e v i a t i o n  from the given s p e c i ­
f i c a t i o n s  may r e s u l t  i n  loss o f  product  or  a product  o f  
i n f e r i o r  q u a l i t y  which r e q u i re s  r e c y c l i n g ,  b l e n d i n g ,  e t c .
The r e s u l t i n g  i n c r e a se  i n  the  cost  o f  product i on  
can take  the  form shown g r a p h i c a l l y  by the broken l i n e s  in  
F i gure  16,  where the  q u a l i t y  q i s  measured from a des i red  
r e f e re n c e  or  s e t - p o i n t  B.
For  commercial  convenience ,  t h i s  c o s t - q u a l i t y  r e ­
l a t i o n s h i p  is  approximated by t he  s o l i d - l i n e  p a r abo l a  shown 
on the  same f i g u r e ,  and the cost  o f  p roduc t i on  r e s u l t i n g
_  p
from a d e v i a t i o n  i n  product  q u a l i t y  i s  g iven by Cgq , where 
Cg i s  a c on s t a n t ;  the cost  o f  raw m a t e r i a l s  i s  considered  
p r o p o r t i o n a l  to the r a t e  o f  consumpt ion by a f a c t o r  c^.  
Assuming t h a t  the product  f l ow  r a t e  i s  c o n s t a n t ,  the cost  
equat i on  f o r  the system can be w r i t t e n  as f o l l o w s :
f ^ ( û , q )  = c^û + Cgq^ ( I V - 1  )
Th i s  is  the  b a s i c  cost  r e l a t i o n s h i p  which would be 
used to o p t i m i z e  the p l a n t  per formance e i t h e r  f o r  s t a t i c  
or  dynamic c ond i t i ons  o f  o p e r a t i o n .  The d i f f e r e n c e  between 
them w i l l  depend on t h e  d e f i n i t i o n s  o f  ü and q.
For  the e x t r a c t i o n  process shown in F i gu r e  17 ,  the  
e f f i c i e n c y  or  e f f e c t i v e n e s s  o f  t he  process i s  measured by 
the HTU ( o r  NETS) and the column t h r o u g h p u t ,  but  f o r  a
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me ch a n i c a l l y  a g i t a t e d  column,  the  mat t e r  would be s l i g h t l y  
d i f f e r e n t  and the power should be i nc luded as w e l l .
As the  hydrodynamics o f  t he  process have been s t u d ­
i ed p r e v i o u s l y  ( Chapt ers  I I  and I I I ) ,  a q u a n t i t a t i v e  mathe­
ma t i ca l  r e l a t i o n  has been found t o  e x i s t  between t he  HTU's 
and the e x t r a c t i o n  f a c t o r  (a = mG/L) ,  P e c l e t  numbers,  r o ­
t a t i n g  s h a f t  speed,  and the  column t hroughput  (G + L ) .  The 
s h a f t  speed,  feed phase f l o w r a t e ,  and s o l v e n t  phase f l o w r a t e  
have been chosen as the  man i p u l a t ed  v a r i a b l e s  w h i l e  the  
feed phase i n l e t  c o n c e n t r a t i o n  i s  considered c o n s t a n t .
The o p e r a t i n g  o b j e c t i v e  f u n c t i o n  can then be w r i t t e n  
as f o l l o w s :
f  = K r LNTU + K, ^ T T T - c y ( I V - 2 )
The f i r s t  term [Eq.  ( I V - 2 ) ]  counts f o r  the  e f f i c i e n c y  
o f  the process ( a lways g r e a t e r  than t h r e e  t imes the  second 
t e rm,  in a bs o l u t e  va l ue  in the f e a s i b l e  o p e r a t i o n  r a n g e ) ;  the  
second term counts f o r  t h e  power i nput  t o  t he  r o t a t i n g  s h a f t ;  
and the t h i r d  term f o r  t h e  column t h r ough put .  The second 
term o f  Equat ion  ( I V - 2 )  was developed by Reman^^^ as a mea­
sure o f  the  optimum s h a f t  speed f o r  any g iven c o n d i t i o n s  of  
o p e ra t i o n  and r o t a t i n g  d i s c  c o n t a c t o r  dimensions.
The va l ues  o f  ( i  = 1,  2 ,  3) have been s p e c i f i e d  
a f t e r  a v a r i e t y  o f  t r i a l s  t o  be 0 . 2 5 ,  0 . 5  x 1 0 '  and 100 ,  
r e s p e c t i v e l y .  These va l ue s  wei ght  the t h r e e  terms o f  the  
c on s t r a i n e d  o b j e c t i v e  f u n c t i o n  w i t h  r e s p e c t  to each o t h e r .
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The values assigned to t he  we i g h t i n g  f a c t o r s  K. 
in Equat ion ( I V - 2 )  were such t h a t  the o p e r a t i n g  o b j e c t i v e  
f u n c t i o n  would i n c l ud e  besides t he  h e i gh t  o f  t r a n s f e r  u n i t  
(HTU) ,  which i s  a measure o f  the e f f e c t i v e n e s s  o f  the  mass-  
t r a n s f e r  process,  a second term to  r e p r e s e n t  power which 
has become a scarce  r e s o u r ce ,  and a t h i r d  term t o  count  
f o r  the throughput  o f  the process.  The numer ica l  choice  
was made such t h a t  the  e f f e c t i v e n e s s  would be g r e a t e r  or  
equal  to t h r ee  t imes  the  throughput  and the  l a t t e r  g r e a t e r  
or equal  to t h r ee  t imes  the power i n p u t  in the most  f e a s i ­
b l e  range o f  o p e r a t i o n .  The choice was made to make the  
o b j e c t i v e  f u n c t i o n  as c l o se  to our  exper i ment a l  system as 
p o s s i b l e ,  s ince  t he  l i q u i d  system d id  not  have any i ndus ­
t r i a l  va l ue .
For i n d u s t r i a l  purposes a long term o b j e c t i v e  f un c ­
t i o n  should i n c l u d e  raw m a t e r i a l s  c o s t ,  product  demand,  
s t o r a g e ,  pumping and equipment  d e p r e c i a t i o n  r a t e .  The w e i g h t ­
ing f a c t o r s  K. could be e a s i l y  a d j us t ed  to s u i t  any s p e c i f i c  
case.  This w i l l  n o t  change the main o u t l i n e s  o f  t he  s teady-  
s t a t e  o p t i m i z a t i o n  procedure  but w i l l  ass ign d i f f e r e n t  
val ues  to the v a r i o u s  terms forming the new o b j e c t i v e  f un c ­
t i o n .
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Process C o n s t r a i n t s :
1. The e x t e n t  o f  e x t r a c t i o n  (denoted by XOT in  subrou­
t i n e  STSMÔD) should be equal  to or g r e a t e r  than a s p e c i f i e d  
l i m i t  t o  ensure minimum r e c o v e r y ,  r e c y c l i n g ,  and s o l u t e  waste
X .
XOT = > 2 .0
out
or  i n  d i mens i on l ess  form
XOT = — > 2 . 0  ( I V - 3 )
* o u t
2.  The holdup v a l ue  f o r  any g iven c o n d i t i o n s  o f  op e r a ­
t i o n  should be l es s  than the  e q u i v a l e n t  f l o o d i n g  holdup va lue  
by a c e r t a i n  r e as ona b l e  s a f e t y  ma r g i n ,
CR2 = — -------- >  0 . 1 5  ( I V - 4 )
^ f
3.  The necessary  c o n d i t i o n  f o r  m a s s - t r a n s f e r  i n  a two-  
phase c o n t a c t  should  be ensured.  Th i s  has been c a r r i e d  out  
by a p p l y i n g  M i y a u c h i ' s  necessary  c o n d i t i o n  f o r  m a s s - t r a n s f e r .  
I t  can be w r i t t e n  as f o l l o w s :
CR3 = qZ -  p3 = ^ ( a ^ Y  -  cx^S^/4 + 9 c x 6 y / 2  -  + 2 7 y ^ / 4 )  < 0
( I V - 5 )
The e q u i v a l e n t  meaning o f  t hese  parameters  are  g i ven  
in Appendix A.
4.  To e v a l u a t e  the apparent  number o f  t r a n s f e r  u n i t s  
(NTUp) using t h e  mean l o g a r i t h m i c  d r i v i n g  f o r c e ,  which can 
be r e w r i t t e n  as f o l l o w s :
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For a new set  o f  c o n d i t i on s  o f  o p e r a t i o n  determined  
by the o p t i m i z a t i o n  search t e c h n i q u e ,  i t  mi ght  happen t ha t  
the va l ue  o f  t h e  argument o f  the l o g a r i t h m  becomes less than 
or equal  to z e r o .  To avoid t h i s  d i f f i c u l t y  a c o n s t r a i n t  is
imposed on the  argument  to ensure t h a t  i t  always has a 
p o s i t i v e  va l ue .
X.
CR4 = (1 - a) + A > 0 ( I V - 7 )
* o u t
Process Bounds:
1.  The i n l e t  mass f l ow r a t e s ,  G and L,  must be w i t h i n  
the p o s s i b l e  v a l v e  ranges.
Va l ve  1 : K.j < G <
min max ( l V - 8 )
Va l ve  2: K„ < L <  K,
min max
2.  The r o t a t i n g  s h a f t  speed l i m i t s  must be considered:
"min ^ " < Lax
Subrout ine  BOUNDS has been w r i t t e n  t o  i n c l u d e  these l i m i t s  
on the process v a r i a b l e s .
The CRST Technique
As can be seen from the  above d i s c u s s i o n ,  both the  
o b j e c t i v e  f u n c t i o n  and the c o n s t r a i n t s  a r e  n o n l i n e a r  f u n c ­
t i o n s .  Spang(^^)  has reviewed t h r e e  methods to deal  wi th  
such systems:
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1.  D i r e c t  Search:  in which the  a c t u a l  va l ue  o f  the
fu n c t i on  is r ep laced  by a very  l a r g e  va l ue  whenever  the con­
s t r a i n t s  are  v i o l a t e d .  This pseudo- va l ue  must be p r op o r ­
t i o n a l  to the  amount t he  i n e q u a l i t y  i s  v i o l a t e d  so t h a t  the  
search r o u t i n e  w i l l  f o r c e  the t e s t  p o i n t s  towards the region  
where the i n e q u a l i t y  can be s a t i s f i e d .
Thus a t y p i c a l  sequence o f  e q u a t i o n  would be w r i t t e n  
as f o l l o w s :
'T̂ . (ü.  , t )  = 0 ,  i = l , " ' ' , p  <  m
( I V - 1 0 )
T̂ . ( ü ^ , t )  > 0 ,  i = p+1 , • • • ,m
and
= 1 X 1 0 ^ ° [ ^ | T ^ ( u .  , t )  |] + f ( ü . , x ^ , ÿ  , t )  ( I V - l l )
a
where is  the value  o f  the f u n c t i o n  used in the search  
and the sum, a ,  cons i s t s  of  these  T^ which a r e  not s a t i s f i e d .
i s  now an unconst ra i ned  f u n c t i o n  whose m i n i m i z a t i o n  is  
w i t h i n  or  on the boundary o f  the  r e g i o n  d e f i n e d  by the con-  
s t r a i  n t s .
2.  Lagrangian Method:  in which t he  i n e q u a l i t y  con­
s t r a i n t s  are  conver ted to e q u a l i t y  c o n s t r a i n t s  by i n t r o d u c ­
ing a n on- n ega t i ve  " s l a c k "  v a r i a b l e  . Thus
T j ( u ^ , t )  -  = 0 ,  ( i  = p + l , * » * , m ) ,  n  ̂ > 0 ( I V - 1 2 )
The l a g r a n g i a n  f u n c t i o n  could be d e f i n e d  in t he  usual  manner 
as f o l l o w s :
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* ( û . , X n , ÿ q , n . , t )  = f ( û .  , x ^ , ÿ q , t )  -  x ^ - T . ( ü . , t )
^ i =p + l   ̂ ( I V - 1 3 )
where i s  a n o n - n e ga t i v e  v a r i a b l e  i ndependent  o f  ü . .
I t  has been shown t h a t  a necessary  and s u f f i c i e n t  c o n d i t i o n  
f o r  ÜŸ to be a s o l u t i o n  o f  the  m i n i m i z a t i o n  problem i s  t h a t  
f ( Û Ÿ , x ^ , ÿ q , t )  be concave and t he  c o n s t r a i n t  s e t  be convex 
in the v i c i n i t y  o f  ÛŸ, and t h a t  l i t ,  x t ,  and s a t i s f y  the  
f o l l o w i n g  set  o f  e qu a t i o n s :
3$
sût = ( I V - 1 4 )3ut  But
■ | ^  = - T ^ . ( u t , t )  = 0 ,  i = 1,  "  ' ,p < m ( I V - 1 5 )
I I *  = - 7 \ ( ü t , t )  + n̂ . = 0 ,  i = p + l , ' ' ' , m  ( I V - 1 6 )
>  0 ,  i = p + 1 , • • • ,m
X* > 0 ,  i = l , * * * , p  ( I V - 1 7)
xtn^ = 0 ,  i = p + 1 , • • • ,n
From Equat ions ( I V - 1 6 )  and ( I V - 1 7 ) ,  i t  f o l l ow s  t h a t
n. i s  c o m pl e t l y  determined by ü t  and x t .  I t  can be a l s o  
shown t h a t :
* ( û t , x ^ , n . )  <  $ ( û t , x t , n . )  <  $ ( ü . , x t , n . )
For l a r g e  problems,  a cc o r d i ng  t o  C a r r o l ,  t he  Lagrange m u l t i ­
p l i e r  t e c hn i que  may be q u i t e  u n w i e l d y . ^
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3.  Created Response S u r fa ce  Technique:
The CRST as developed by C a r r o l a n d  mat hemat i ­
c a l l y  proved by Fiacco and M c C o r m i c k ^ ^ ^ i s  based ma i n l y  
on s o l v i ng  a sequence of  unconst ra i ned  problems whose s o l u ­
t i ons  approach the  s o l u t i o n  o f  the c o n s t r a i n e d  f u n c t i o n ,
i . e .  $ + f  when R + 0 ,  where R i s  the p e n a l t y  f a c t o r  w e i g h t ­
ing t h e  c o n s t r a i n t s  T^ to t he  c on s t r a i ne d  f u n c t i o n  f .
Equat ion ( I V - 2 )  would be w r i t t e n  as f o l lows  to i n ­
clude a l l  the e q u a l i t y  and i n e q u a l i t y  c o n s t r a i n t s :
W.
< f ( ü . , x ^ , ÿ q , t )  = f ( ü . , x ^ , ÿ q , t )  + Rj  yy  ( I V - 1 8 )
W. > 0 wei ght  the i n d i v i d u a l  p e n a l t i e s  amongst t he ms e l ves ,  
whi le  Rj (a lways >  0)  we i ght s  t he  sum o f  the  c o n s t r a i n t s  in 
r e l a t i o n  to the c o n s t r a i n e d  f u n c t i o n  to be o p t i m i z e d .
The m i n i m i z a t i o n  o f  $ ( ü j  , x ^ , y ^ , R , t )  f o r  Rj > 0 
y i e l d s  a p o i n t  t h a t  i s  d u a l - f e a s i b l e ,  as w e l l  as a p o i n t  
t h a t  i s  p r i m a l - f e a s i b l e .  I t  f o l lo w s  t h a t  t he  process e x ­
p l i c i t l y  genera tes  t he  a s s o c i a t e d  "Lagrange M u l t i p l i e r s , "  
and hence,  t he  dual  s o l u t i o n  v e c t o r .
The optimum o f  t he  f u n c t i o n  is e v a l u a t ed  f o r  d i f ­
f e r e n t  va lues o f  R ( de c r ea s i n g  in v a l u e )  and f o r  each l e v e l  
the e q u i v a l e n t  optimum l e v e l  o f  the manipu la t ed  v a r i a b l e s  
( û j )  i s  used as a s t a r t i n g  p o i n t  f o r  t he  next  l e v e l  o f  the  
c r i t e r i o n  f u n c t i o n ,  w i th  l es s  va l ue  of  R,  e v a l u a t i o n .  The 
procedure cont i nues  u n t i l  Rj  + 0 and t h e r e f o r e , .4 optimum 
approaches f  optimum w i t h o u t  v i o l a t i n g  any o f  the c o n s t r a i n t s
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The cho i ce  o f  R j - v a l u e s  can be a r b i t r a r y  or inc luded  
as an unknown p a r amet e r  to  be i d e n t i f i e d  by the o p t i m i z a t i o n  
t e c h n i qu e .  The f i r s t  approach i s  used i n  the present  s t u d y ,  
w h i l e  the second would be p r e f e r a b l e  f o r  l a r g e  problems which  
are  e x t r e m e l y  n o n l i n e a r  and p a r t i a l l y  unknown.
This  t e c hn i q u e  seems more s i m p l e ,  l o g i c a l  and p r a c ­
t i c a l  to use.  T h e r e f o r e ,  the o p t i m i z a t i o n  of  the o p e r a t in g  
o b j e c t i v e  f u n c t i o n  f o r  the  RDC o p e ra t i n g  under s t e a d y - s t a t e  
c on d i t i o n s  has been solved using the CRST.
Unconst ra ined (Dual  Problem) and Const ra i ned O b j e c t i v e  
Funct ions
The c o n s t r a i n e d  o b j e c t i v e  f u n c t i o n  has been w r i t t e n  
t o  i nc lu d e  t h r e e  i mp o r t a n t  p a r ame t e r s ,  cons i de r i ng  the im­
por tance o f  each parameter  s e p a r a t e l y  on the process p e r ­
formance.  I t  has been given the  name OBJ in  Subrout ine  
PROC, and can be w r i t t e n  as f o l l o w s :
where
f  = 0 .2 5 ( H T U ) Z  + 0 . 0 0 5  + 1 0 0 ( 1 / T )  ( I V - 1 9 )
Peon “ t h e  power consumption by the r o t a t i n g  s h a f t ,  and
T = the  column throughput  expressed in  terms o f  the  
sum o f  the  s u p e r f i c i a l  v e l o c i t i e s  (Vy + V^) i ns t ead  o f  the  
sum o f  the mass f l o w  r a t e s  (L + G).
In t h e  CRST a mo d i f i ed  path is formed whi ch ,  wh i l e  
o p t i m i z i n g  t he  uncons t r a i ned  f u n c t i o n  as q u i c k l y  as p o s s i b l e ,  
i t  s t e e r s  a u t o m a t i c a l l y  c l e a r  o f  the  c o n s t r a i n t s  and thus
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prevents  t h e i r  v i o l a t i o n .  Near the very opt imum, however,  
s o l u t i o n s  are  a l l owe d  on or  very  c lose  t o ,  c r i t i c a l  con­
s t r a i n t s  s u r f a c e s .
Fo l l owing the  CRST procedure and i n c o r p o r a t i n g  the  
above ment ioned f o u r  c o n s t r a i n t s  w i t h  t he  c o n s t r a i n e d  o b j e c ­
t i v e  f u n c t i o n ,  to form the  Dual unconst ra i ned  f u n c t i o n .  
Equat ions ( I V - 1 9 )  can be m od i f i e d  thus:
$ = f  -  R̂ XOT -  2 0 . 8 5 e^  - e CP3 CR4
( I V - 2 0 )
The O b j e c t i v e  Fu n c t i on  E v a l u a t i o n
A computer  program has been w r i t t e n  f o r  the purpose 
o f  e v a l u a t i n g  t he  o b j e c t i v e  f u n c t i o n s  (bot h  c on s t r a i n e d  and 
dual  u n c on s t r a i ne d)  f o r  a wide range of  combinat ions  f o r  the  
process v a r i a b l e s .  The v a r i a b l e s  taken i n t o  c o n s i d e r a t i o n  
are the feed and s o l v e n t  mass f l o w r a t e s  and the p e r i p h e r a l  
s h a f t  speed.  The i n l e t  f eed phase c o n c e n t r a t i o n  has not  
been cons i dered  because t he  c o n c e n t r a t i o n  i s  expressed in 
dimensionless  form which g i ves  the  o u t l e t  r a f f i n a t e  concen­
t r a t i o n  as a f r a c t i o n  o f  t he  i n l e t  (which i s  u n i t y ) .
The contours  o f  t h e  c o n s t r a i n e d  f u n c t i o n  have been 
p l o t t e d  f o r  v a r i ou s  combinat ions  of  the process v a r i a b l e s  
and the e q u i v a l e n t  i m p o r t a n t  pa r amet ers .  F i gur e  18 shows 
the v a r i a t i o n  o f  t h e  f u n c t i o n  as a f u n c t i o n  o f  the  s o l ve n t  
and feed f l o w r a t e s ,  w h i l e  the  s h a f t  speed i s  kept  const an t  
and equal  to z e r o .  I t  has been found t h a t  the t opo l ogy  of  
the  f u n c t i o n  p l o t t e d  f o r  any o t h e r  va l ue  o f  the s h a f t  speed
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i s  s i m i l a r  i n  shape w h i l e  i t  v a r i e s  in t he  a b so l u t e  va l ues .
F i gur e  19 shows the contours o f  t he  c o nst r a i ned  f u n c ­
t i o n  f o r  a wide combinat ion range f o r  the e x t r a c t i o n  f a c t o r  
(mG/L) ,  and the sum o f  the  s u p e r f i c i a l  v e l o c i t i e s  (V^ + V^)  
which is  a measure o f  the column through put .
F i gur e  20 shows the  contours f o r  the const ra i ned  
f u n c t i o n  f o r  d i f f e r e n t  va l ues  o f  the  e x t r a c t i o n  f a c t o r  and 
p e r i p h e r a l  s h a f t  speed.
F i gu r e  21 shows a s i m i l a r  p l o t  f o r  the c ons t ra i ne d  
f u n c t i o n  f o r  d i f f e r e n t  va l ues  o f  the sum o f  the s u p e r f i c i a l  
v e l o c i t i e s  and p e r i p h e r a l  s h a f t  speeds.
F i gures  18 to  21 show t h a t  the o b j e c t i v e  f u n c t i o n  
i s  n o n l i n e a r  w i t h  r e sp e c t  t o  the t h r e e  process v a r i a b l e s  
considered ( f e e d  mass f l o w r a t e ,  s o l v e n t  mass f l o w r a t e ,  and 
p e r i p h e r a l  s h a f t  speed) .  The c h a r a c t e r i s t i c s ,  dependency,  
t opo l ogy ,  and minimum r e g i o n  f o r  d i f f e r e n t  combinat ions of  
the process v a r i a b l e s  and parameters  are shown g r a p h i c a l l y .
From F i gure  18 one can see the  f u n c t i o n  as a set  o f  
m u l t i - l e v e l  sur f aces  f o r  d i f f e r e n t  s h a f t  speeds.  For con­
s t a n t  s h a f t  speed and f i x e d  s o l v e n t  r a t e ,  the v a l ue  of t he  
c ons t ra i ne d  o b j e c t i v e  f u n c t i o n  changes s l o w l y .  The a bso l ut e  
minimum f o r  the c o n s t r a i n e d  o b j e c t i v e  f u n c t i o n ,  f o r  any 
constant  s h a f t  speed v a l u e ,  i s  on t he  upper  l i m i t  o f  the feed  
r a t e ,  cor responding to the minimum s o l v e n t  r a t e .  This i s  
v a l i d  t h e o r e t i c a l l y  but  not  p o s s i b l e  p r a c t i c a l l y .  F looding  
might  p o s s i b l y  prevent  the  process from r each i ng  t h i s  o p e r a ­
t i o n  l e v e l .
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From F i gu r e  19 t h e  contours of  the  o b j e c t i v e  f u n c ­
t i o n  are symmetr ical  around Vy + % 1 3 . 5 .  The d i r e c t i o n
o f  c u r v a t u r e  i s  r eve r sed  a t  e x t r a c t i o n  f a c t o r  a % 0 . 5 .  For  
each value  o f  e x t r a c t i o n  f a c t o r ,  t he r e  are  two e q u i v a l e n t  
va l ues  o f  column t h r ou g h p u t  (V^ + V^) which have t he  same 
v a l u e  o f  o b j e c t i v e  f u n c t i o n .  The r ad ius  o f  c u r v a t u r e  de­
c reases  r a p i d l y  as the  e x t r a c t i o n  f a c t o r  i n c r e a s e s .  The 
a b s o l u t e  minimum f o r  t h e  o b j e c t i v e  f u n c t i o n  l i e s  on the l i n e  
o f  symmetry f o r  the  column t h r ou g h p u t ,  and f o r  t h e  maximum 
p o s s i b l e  e x t r a c t i o n  f a c t o r .
F i gure  20 shows t he  contours  of  the  o b j e c t i v e  f u n c ­
t i o n  to be c o n s i d e r a b l y  i r r e g u l a r  and n o n l i n e a r  due to the  
change in  the  va l ue  o f  t h e  s h a f t  speed.  T h i s  i s  because o f  
t he  co mp l ex i ty  o f  f l o w  changes accompanying any v a r i a t i o n  
i n  the  s h a f t  l e v e l  used ( e . g . ,  degree o f  d i s p e r s i o n ,  hyd r o ­
dynamics o f  f l o w ,  and P e c l e t  number v a l u e s ) .
In F i gur e  21 t h e  o b j e c t i v e  f u n c t i o n  contours  form 
an e c c e n t r i c  e l l i p t i c a l  s e t  o f  curves w i t h  an i n c r e a s i n g  
r a d i u s  up t o  800 cm/min s h a f t  speed.  Over t h i s  speed the  
degree o f  n o n l i n e a r i t y  and i r r e g u l a r i t y  i n c r ea se s  n o t i c e a b l y ,
From the  above r e s u l t s ,  i t  appears t h a t  the  a p p r o x i ­
mate combinat ion o f  process v a r i a b l e s  which tend to g i ve  a 
f e a s i b l e  minimum f o r  t h e  o b j e c t i v e  f u n c t i o n  would be:
i .  A column t h r ou g h p u t  (V^ + V^) «= 1 3 . 5 .
i i .  A maximum p o s s i b l e  e x t r a c t i o n  f a c t o r  (mG/ L) ,  and
i i i .  A s h a f t  speed which i s  combined w i t h  the  above two
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parameters would g i v e  a minimum power i n l e t ,  optimum 
P e c l e t  numbers,  and maximum f e a s i b l e  holdup va lue  
f o r  the  d i sper sed  phase.
S o l u t i o n  o f  Q u a d r a t i c  Opt i mi za t ion  Problems
One would l i k e  to f i n d  that  va lue  o f  the independent  
v a r i a b l e s ,  x̂ * = | x | ,  x | , * * * ,  x * |  such t h a t  f ( x * )  i s  a minimum 
su b j ec t  to t he  r e s t r i c t i o n s  t h a t ,
9^ ,  X * )  = 0 ,  i = l r " , P  < n
( I V - 2 1 )
ĝ . ( x | , . . . ,  xj j ) >  0 ,  i = p+1 , •• • ,  m
m < n
For an uncons t r a i ned  funct ion  wi th  cont inuous d e r i v a ­
t i v e s ,  a minimum occurs a t  t h a t  point  where the f i r s t  p a r ­
t i a l  d e r i v a t i v e s  o f  the f u n c t i o n  wi t h  r e sp e c t  to t he  i n d e ­
pendent  v a r i a b l e s  are zero and i ts m a t r i x  o f  second d e r i v a ­
t i v e s  i s  p o s i t i v e  d e f i n i t e .
A m i n i m i z a t i o n  procedure f o r  a d i g i t a l  computer  
p r ov i des  an a l g o r i t h m  by which the f u n c t i o n  i s  t e s t e d  a t  a 
set  o f  p o i n t s .  These p o i n t s  then prov i de  i n f o r m a t i o n  about  
the f u n c t i o n  and the  l o c a t i o n  of  i t s  minimum. The way the  
t e s t  p o i n t s  a re  chosen d i v i d e  these procedures i n t o  two 
very  genera l  c l a s s e s :  sequent i a l  and n o n - s e q u e n t i a l . In
a s e q u e n t i a l  procedure  the  t e s t  points  a re  determined by a 
f i x e d  s e t  o f  o p e r a t i o n s .  The values o f  t he  i ndependent  
v a r i a b l e s  a re  co mp l e t e l y  determined by the prev i ous  measure­
ments w h i l e  i n  a n o n - s e q u e n t i a l  procedure t he  p o i n t s  are  




I f  the o b j e c t i v e  f u n c t i o n  is q u a d r a t i c  and has the
Fq = + c' x̂ + i  xJqx ( I V - 2 2 )
X i s  an n-d i mens iona l  v e c t o r ,  
c is  an n-d imensiona l  v ec to r  o f  c o n s t a n t s ,  and 
Q is  an n X n symmetr ic p o s i t i v e  d e f i n i t e  m a t r i x .
I f  the o b j e c t i v e  f u n c t i o n  is n o n q u a d r a t i c ,  expanding  
the f u n c t i o n  about  the minimum p o i n t  x = x*  g i ves :
Fn = Fo + ^  (x -  x * ) T  Q(x - x * )  + R ( I V - 2 3 )
The r emai nder  R es t ima t e s  the e r r o r  between F^ and 
i t s  q u a d r a t i c  appr ox i mat i on .  Since R becomes n e g l i g i b l e  when 
X is s u f f i c i e n t l y  c l o se  to x * , the  general  f u n c t i o n  i s  a p ­
proximated by a q u a d r a t i c  in a neighbourhood o f  t h e  minimum;  
hence a l g o r i t h m s  converging r a p i d l y  f o r  q u a d r a t i c s  are o f  
i n t e r e s t .
Since i t  i s  poss i b l e  to  conver t  c on s t r a i n e d  f u n c t i o n s  
to the e q u i v a l e n t  unconst ra i ned  f u n c t i o n s ,  one would l i m i t  
his  a n a l y s i s  t o  unconst ra i ned  f u n c t i o n s  o n l y .
Now l e t  us say t h a t  x minimizes  F ( x * )  is de termined
by c o n s t r u c t i n g  a sequence {x^.} t h a t  converges to x* as i
becomes g r e a t e r  or equal  to n (where n i s  the  number o f
v a r i a b l e s ) .  A procedure  f o r  c o n s t r u c t i n g  the  x  ̂ i s  s a i d  to  
be q u a d r a t i c a l l y  convergent^^^^ i f  x* i s  determined a f t e r  
n - g r a d i e n t  e v a l u a t i o n s .  The f o u r  procedures cons i dered  
he r e i n  a l l  e x h i b i t  t h i s  p r o p e r t y .
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C e r t a i n  convent ions and p r o p e r t i e s a s s o c i a t e d  
w i t h  the problem o f  mi n i mi z i ng  Equat ion ( I V - 2 3 )  w i l l  be 
used f r e q u e n t l y .  The g r a d i e n t  o f  F e v a l u a t e d  a t  the p o i n t
x̂ - i s  de f i ned  as
9i
3 F ( x i )  T = Qx. + c ( I V - 2 4 )
I x
For Equat ion ( I V - 2 3 ) ,  a necessary  and s u f f i c i e n t  c o n d i t i o n  
f o r  X *  t o  mi n i mize  F i s  t h a t
g ( x * )  = 0.  ( I V - 2 5 )
So i t  f o l lo ws  i mmedi a t e l y  from Equat ion ( I V - 2 4 )  t h a t
X *  = -  Q"\c ( I V - 2 6 )
I t  i s  a l s o  w e l l  known t h a t  i f  one has the  p o i n t  x  ̂
and the g r a d i e n t  a t  the  p o i n t  g ^ , then t he  minimum x *  i s  found 
from the f o l l o w i n g  r e l a t i o n :
X T  = X .  -  Q-Tg.  ( I V - 2 7 )
From Equat ions ( I V - 2 6 )  and ( I V - 2 7 ) ,  i t  i s  c l e a r  t h a t  
i f  Q"^ i s  known, one can o b t a i n  the  mi n i mi z i n g  p o i n t s .  In 
most problems o f  p r a c t i c a l  i n t e r e s t  the  o b j e c t i v e  f u n c t i o n  
F is  not  q u a d r a t i c ,  so t h a t  e qu a t i o n  ( I V - 2 2 ) ,  s i m i l a r l y  
Equat ion ( I V - 2 3 ) ,  i s  a t  best  an a ppr ox i ma t i on  o f  the  o b j e c ­
t i v e  f u n c t i o n  s u r f a ce  in  the v i c i n i t y  o f  the minimum. Even
t h e n ,  i t  is not  l i k e l y  t h a t  the appr ox i mat i ng  Q i s  known,  
or i f  i t  i s ,  t h e  d i f f i c u l t i e s  i n v o l v e d  i n  f i n d i n g  Q'^ are  
s i g n i f i c a n t  enough to w a r r a n t  seek ing  a l t e r n a t i v e  methods  
f o r  f i n d i n g  x * .
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2 2
For a general  f u n c t i o n  F , the d e r i v a t i v e  (a F /ax ) 
provides a l i n e a r  r e l a t i o n s h i p  between i n f i n i t e s i m a l  changes 
in X and the r e s u l t i n g  changes in the g r a d i e n t  g given by
dg = dx ( I V - 2 8 )
ax
For a q u a dr a t i c  f u n c t i o n ,  t h i s  l i n e a r  r e l a t i o n s h i p  i s  t r u e  
f o r  a l l  changes in x and g wi th  Q r e p l a c i n g  ( 3 ^ F / 3 x ^ ) .
Thus the g r a d i e n t  d i f f e r e n c e  v e c t o r  y i s  de f i ned  as:
Yj + i (IV-29)
and can be w r i t t e n ,  analogous to Equat ion ( I V - 2 8 )  as
Yi = Q(x.+i - X.) %  Q(Ax^) (IV-30)
The g r a d i e n t  d i f f e r e n c e  v e c t o r  p lays  an i mpor t an t  r o l e  in 
subsequent  d i s c u s s i on s .
In a l l  o f  t he  procedures t h a t  a re  d iscussed ,  the  
search f o r  optimum proceeds i t e r a t i v e l y  according to
^i  + 1 == X. + K.p .̂ ( I V - 3 1 )
where i s  always chosen so t h a t  Xy+^ minimizes  F in the
d i r e c t i o n  p.  s t a r t i n g  from x ^ . The x-j and p-| a re  chosen 
a r b i t r a r i l y .  The manner i n  which the d i r e c t i o n  v e c t o r  
is s e l e c t e d  i s  d e f i ne d  by the p a r t i c u l a r  procedure .  The 
Pj are  r e s t r i c t e d  to s a t i s f y
pTg^ < 0 ( I V - 3 2 )
to ensure t h a t  t he  o b j e c t i v e  f u n c t i o n  i s  reduced through
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the  choice o f  K̂ .. The m i n i m iz i n g  choice  o f  K̂. r e s u l t s  
in the s a t i s f a c t i o n  o f  t he  c o n d i t i o n ,
p.g,+, = 0 (IV-33)
f o r  a l l  i .  The procedure  f o r  d e t e r mi n i ng  the  de s i re d  
i s  an i mp o r ta n t  p a r t  o f  t h e  a c t ua l  m i n i m i z a t i o n  procedure .
For t h i s  d i s c u s s i o n ,  i t  s h a l l  be assumed t h a t  the m i n i m i z a ­
t i o n  can be accompl ished so t h a t  Equat ion ( I V - 3 3 )  i s  always  
v a l i d .
The problem o f  d e t e r m i n i n g  the  x *  t h a t  mi nimizes  
( I V - 2 3 )  i s  seen from Equat ions  ( I V - 2 4 )  and ( I V - 2 5 )  to  be 
e q u i v a l e n t  to  s o l v i ng  t h e  l i n e a r  e q u a t i o n s ,
Qx = - c  ( I V - 3 4 )
I t  has been shown by Hestenes and S t i e f e l ^ ^ ^ ^  
t h a t  t h i s  can be accompl ished by c o n s t r u c t i n g  a se t  o f  n 
mu t u a l l y  con j ugat e  o r ,  e q u i v a l e n t l y ,  Q- or thogona l  v e c t o r s .
To be p r e c i s e ,  v e c t o r s  p-j ,  P g , » ' - ,  p^ are  sa i d  to be m u t u a l l y  
conj ugat e  i f  f o r  a l l  i and j ,
pTqpj  = 0 ,  i /  j  ( I V - 3 5 )
This  is  c l e a r l y  a g e n e r a l i z a t i o n  o f  the  concept  o f  or thogonal  
v e c t o r s .
The d e t e r m i n a t i o n  o f  n m u t u a l l y  c o n j ug a t e  v ec t o r s  
a l l ows the s o l u t i o n  o f  Equa t i on  ( I V - 3 4 )  t o  be c on s t r u c t ed  
i mm e d i a t e l y .  To see t h i s ,  one must f i r s t  note  t h a t  the  s e t  
o f  n - m u t u a l l y  c on j ugat e  v e c t o r s  p̂  i n  an n -d i mens i ona l  
space are l i n e a r l y  i n d e p en d e n t .  Then,  the  p̂  span the  space
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and any v e c t o r  (but  p a r t i c u l a r l y  x * )  can be w r i t t e n  as a 
l i n e a r  combinat ion o f  the  p . .
X *  '
so t h a t
Qx* = a .Qp .  = -c
then
P'jQx* = a,pj .Qp,  = j . p j Q p j
from the mutual  conjugacy  o f  the p . .  The c o e f f i c i e n t s  â . 
are  given by
a .  = ( I V - 3 6 )
and X *  is
X* = - Î?=1 ' i
The i n v er se  Q"^ can be c o n s t r u c t e d  from the  p. by not ing  
t h a t  Equat ion ( I V - 3 7 )  can be r e w r i t t e n  as
X* = -  p % :
SO t h a t
5 - '  = 4 ^ 7
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I t  i s  now seen t h a t  the  d e t e r m i n a t i o n  of  n - m u t u a l l y  
conjugate  v ec t o r s  p r ov i des  the  s o l u t i o n  of  a system of  
l i n e a r  equat i ons  o r ,  e q u i v a l e n t l y ,  prov ides  the minimum of  
a q u a d r a t i c  f u n c t i o n .  Thus,  i f  t h i s  se t  can be c ons t ruc t ed  
as the n - d i r e c t i o n s  i n  the  i t e r a t i v e  procedure Equat ion  
( I V - 3 1 ) ,  i t  f o l l o w s  t h a t  the procedure  is q u a d r a t i c a l l y  con­
v er ge n t .  Th i s  i s  a c h a r a c t e r i s t i c  o f  a l l  the procedures  
discussed below.
Davidon's  V a r i a b l e  M e t r i c  Method
The v a r i a b l e  m e t r i c  method (VAM) o f  m i n i m i z a t i o n  
as developed by Davidon and d iscussed by o thers  i s  s imply  
another  g r a d i e n t  m e t h o d . ( 6 5 , 6 6 , 6 7 , 6 8 )
In the  process o f  l o c a t i n g  each minimum, a m a t r i x  
which c h a r a c t e r i z e s  the  behav i or  o f  the  f u n c t i o n  about  the  
minimum is  d e t e r mi n e d .  For a r e g i on  i n  which the f u n c t i o n  
depends q u a d r a t i c a l l y  on the v a r i a b l e s ,  no more than n 
i t e r a t i o n s  a r e  r e q u i r e d ,  where n is  the  number o f  v a r i a b l e s .  
Ou t l i n e s  o f  Method :
1. The m e t r i c  m a t r i x  and the  g r a d i e n t  are used to e s t a b l i s h  
a search d i r e c t i o n .
2.  S ucc e ss i ve l y  l a r g e r  steps a re  t aken  in t h i s  d i r e c t i o n  
u n t i l  the  r e l a t i v e  minimum i s  encompassed.
3.  A l i n e a r  search i s  per formed to l o c a t e  the  minimum w i t h ­
in the i n t e r v a l .  The improvement  in  the  c r i t e r i o n  f u n c ­
t i o n  i s  compared w i t h  a s tep p e r p e n d i c u l a r  to  t h i s  
d i r e c t i o n  a t  the  r e l a t i v e  minimum.
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4.  The m e t r i c  m a t r i x  i s  updated based on i n f o r m a t i o n  about  
the f u n c t i o n  o b t a i ne d  in t h i s  d i r e c t i o n .
In the  neighborhood o f  any p o i n t  the second d e r i v a ­
t i v e s  o f  F (x )  s p e c i f y  a l i n e a r  mapping o f  changes i n  p o s i ­
t i o n ,  dx,  onto changes in g r a d i e n t  dg.  For example in  the  
case o f  the i - t h  v a r i a b l e
d f3F
3X-
n A   dx
1 9X.3Xj  j
( I V - 3 9 )
where
y"  ̂ u
^ i = l  3 X , 3 X ,  " i j
(HLj  i s  the Hessain M a t r i x  and HTI i s  t he  v ar i a n c e  m a t r i x . )
I f  these m a t r i x  parameters  are const ant  and e x p l i c i t l y  
known, then t he  v a l ue  o f  the g r a d i e n t  a t  any p o i n t  would 
s u f f i c e  to de t e rmine  t h e  minimum. In t h i s  case the  de s i re d  
step AXj would be given by
A Xj  = H T I a
9F
3X̂ .
( I V - 4 0 )
Since the m a t r i x  H is  n e i t h e r  const an t  nor known,  
t h i s  method employs an i t e r a t i v e  t echnique  t o  improve the  
est ima t es  o f  based on the changes in the g r a d i e n t s  and 
the pa r amet e r s .  To s t a r t  the method,  j  i s  set  equal  to  
u n i t y ,  making t he  f i r s t - s t e p  in the d i r e c t i o n  o f  s t e e p e s t  
descent .  A f t e r  e v e r y  n-1 i t e r a t i o n s  the m e t r i c  m a t r i x  is  
set  back equal  to  u n i t y .  In the l i n e a r  search p a r t  o f  the  
program,  c ub i ca l  i n t e r p o l a t i o n  i s  used to  l o c a t e  t h e  minimum.
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The method i s  designed f o r  problems where an a n a l y t i c a l  ex ­
p r ess i on  i s  a v a i l a b l e  f o r  the  d e r i v a t i v e s .  However,  a modi ­
f i c a t i o n  o f  t h i s  method have been publ i shed which used d i f -
(75 )
f e rence  approx i mat i ons  i n s t e a d .
Optimum G r ad i e n t  Method
The method of  optimum g r a d i e n t  used i s  due t o  Beckey^^^^
and the main steps o f  the a l g o r i t h m  a r e :
1.  Determine  t he  d i r e c t i o n  o f  the  g r a d i e n t  a t  the s t a r t i n g  
p o i n t  Xq .
2.  Per form a l i n e a r  search i n  the  n e g a t i v e  g r a d i e n t  d i r e c ­
t i o n  to  l o c a t e  the  minimum po i nt  x . j .
3.  Repeat  steps (1 )  and ( 2 )  u n t i l  minimum is l o c a t e d .
D i s c r e t e  approx i mat i ons  f o r  t h e  p a r t i a l  d e r i v a t i v e s  
are  used i n  the c a l c u l a t i o n  o f  the g r a d i e n t  and are obt a i ned  
by p e r t u r b i n g  each parameter  by »  0.01%.  The method can 
be expressed by a g e n e r a l i z e d  equat ion
’̂ i + l = *1 -  Aj G.  ( I V - 4 4 )
This  equat i on  r ep r es e n t s  a s imple  i t e r a t i v e  pr oce ­
dure in which new opt imal  s e t t i n g s  can be obta i ned f o r  the
v e c t o r  X a t  the i - t h  i t e r a t i o n .  Thus the  g r a d i e n t  method 
f o r  the s t e p - b y - s t e p  approach to an optimum p o i n t  may be 
d i v i d e d  i n t o  two p a r t s :
1.  f i n d i n g  the d i r e c t i o n  G i n  which the f u n c t i o n  w i l l  
d e c r e a se ,  and
2.  f i n d i n g  the step s i z e  x which w i l l  b r i ng  t he  f u n c t i o n  
n e a r e s t  to  i t s  minimum.
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The method i s  c a l l e d  "Optimum G r a d i e n t , "  as an op­
timum p o i n t  i s  l o c a t e d  in each l i n e a r  search and an optimum 
step s i z e  i s  c a l c u l a t e d ,  based on a modi f i ed  Newton-Raphson 
method.  The step i s  taken in the  negat i ve  g r a d i e n t  d i r e c ­
t i o n  and the c r i t e r i o n  f u n c t i o n  i s  e va l ua t ed  a t  t h i s  p o i n t ,  
h a l f - w a y  between t h i s  p o i n t ,  and the o r i g i n a l  p o i n t .  On 
t h i s  basis  the step s i z e  i s  doubled or h a l ved  u n t i l  the ap­
prox i mate  minimum i s  l o c a t e d .
In or der  to de te rmine  the  minimum more a c c u r a t e l y ,  
q u a d r a t i c  i n t e r p o l a t i o n  i s  used over  the l a s t  t h r e e  values  
o f  t he  c r i t e r i o n  f u n c t i o n .  The step s i z e  f o r  f u t u r e  i t e r a ­
t i o n s  i s  de termined from the r e s u l t s  of p rev i ous  i t e r a t i o n s .  
The i t e r a t i o n  loop i s  t e r m i n a t e d  when t h e  g r a d i e n t s  and 
parameter  changes become very  s m a l l .
Conjugate  G r ad i e n t  Method
The method o f  con j ugat e  g r a d i e n t s  used i n  t h i s  study
was developed by F l e t c h e r  and R e e v e s . T h e  h e a r t  o f  t h i s
a l g o r i t h m  i s  in the  way the  m a t r i x  j  i s  updat ed .
O u t l i  ne o f  Method :
1.  At  the s t a r t i n g  p o i n t  x^ ,  e va l ua t e  t he  g r a d i e n t  v e c t o r
g^ and set  t he  search d i r e c t i o n  d = -g^ .
2.  Perform a l i n e a r  search in the  d i r e c t i o n  d^ on the l i n e  
through x  ̂ to  l o c a t e  the  r e l a t i v e  minimum x^+^.
3.  E va l ua t e  the  g r a d i e n t  g^+^ a t  x^+^ and c a l c u l a t e
6i =
4.  C a l c u l a t e  the  new d i r e c t i o n  d^+^ = - g ^ + i  + g^d^.
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5.  The method is  t e r mi na t ed  i f  = 0 or  i f  an n + 1 i t e r a ­
t i ons  s t a r t i n g  from a s t e ep e s t  descent  s ea r ch ,  produces  
no r ed u c t i o n  in the  value of  the f u n c t i o n ,  o t h e r wi se  a 
new i t e r a t i o n  is  s t a r t e d .
A f t e r  every  n + 1 i t e r a t i o n s ,  a step is taken in the  
n eg a t i ve  g r a d i e n t  d i r e c t i o n  to prevent  o s c i l l a t i o n s  and slow 
convergence .
The l i n e a r  search used i n  t h i s  program i s  s i m i l a r  
to the one used in the v a r i a b l e  m e t r i c  method and F l e t c h e r  
and Powel l  method.
F l e t c h e r - P o w e l 1 M o d i f i c a t i o n  o f  Dav idon 's  Method
The method is a m o d i f i c a t i o n  o f  Da v i d o n ' s  method.  
O u t l i n e  o f  Method:
1.  Given the parameter  v ec t o r  x̂ . and the g r a d i e n t  v ec t o r  
g^, the  d i r e c t i o n  d  ̂ i s  c a l c u l a t e d .
di = - H . . g .
where  ̂ i s  the m e t r i c  m a t r i x  which i s  taken  i n i t i a l l y  
equal  to  u n i t y .
2.  Find so t h a t  t he  c r i t e r i o n  f u n c t i o n  F ( x .  + o^d^) i s  
a minimum along x^ + oud^.
3.  Set x^+^ = x̂ . + o^d^ and c a l c u l a t e  g^^^ = g (x^+^)  and
’ i = 9 , + ,  -  9 i -
4.  Form by
d. 'd. H. Y. Y. H.
" i M  = " i  '
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5.  Terminate  the search when the d i r e c t i o n  d̂ . and the  
parameter  become less  than some s p e c i f i e d  minimum 
p r escr i bed  v a l u e .
Th i s  method,  l i k e  D a v i d o n ' s ,  has a q u a d r a t i c  con­
vergence p r o p e r t y ,  and w i l l  r e q u i r e  n i t e r a t i o n s  t o  converge  
f o r  a minimum.
I f  convergence in general  i s  not  reached in  n i t e r a ­
t i o n s  or i f  the  d i r e c t i o n s  d e r i v a t i v e s  are  p o s i t i v e ,  the  
me t r ic  m a t r i x  i s  s e t  equal  to u n i t y  and the  search s t a r t s  
aga i n .
These t echni ques  w i l l  be compared f o r  s o l v i n g  the  
mi n i mi za t i o n  problem o f  an o p e r a t i n g  o b j e c t i v e  f u n c t i o n  f o r  
a l i q u i d - l i q u i d  e x t r a c t i o n  process.  Appendix B shows com­
put e r  f l ow diagrams f o r  the f o u r  o p t i m i z a t i o n  t e c h n i q u e s .
The S t e a d y - S t a t e  O p t i m i z a t i o n  Program
The computer  program f o r  s t e a d y - s t a t e  o p t i m i z a t i o n  
of  the RDC has been w r i t t e n  in such a form as t o  f a c i l i t a t e  
changes i n  l o g i c ,  o p t i o n s ,  sequences,  and i n p u t - o u t p u t  f o r ma t .  
The subrout i nes  a r e  used as a p a r t  o f  one main program,  w h i l e
a l l  the v a r i a b l e s  and const ant s  are  f l o w i n g  in and out o f
each sub r ou t i ne  through a common s t a t e m e n t .
F i g u r e  22 shows the genera l  o u t l i n e s  o f  the  program 
which is c a l l e d  "STSOP",  as a a b r é v i a t i o n  f o r  s t e a d y - s t a t e  
o p t i m i z a t i o n ,  w i t h  the i n t e r r e l a t i o n s h i p s  between the d i f ­
f e r e n t  s u b r o u t i n e s .
The main p a r t s  o f  the program a r e :
1. Main Program: I t s  f u n c t i o n  i s  to read in  necessary  da t a
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about the  process such as:
a.  Column c o n f i g u r a t i o n s ,
b. Physical  system p r o p e r t i e s ,
c.  S i ze  o f  the problem,
d. Upper and lower  bound v e c t o r s ,
e.  An i n i t i a l  s t a r t i n g  f e a s i b l e  p o i n t  f o r  t he  process  
v a r i a b l e s  v e c t o r ,
f .  Pe n a l t y  v e c t o r  v a l u e s ,  and
g . Another  f e a s i b l e  t r i a l  p o i n t ,  to assure t h a t  the
f i r s t  e v a l u a t e d  optimum i s  a bso l u t e .
The v a r i a b l e s  consi dered  are  the feed phase mass 
f l o w r a t e ,  the s o l v e n t  phase mass f l o w r a t e ,  and t he  p e r i p h e r a l  
s h a f t  speed.  The f o u r t h  v a r i a b l e  ( f eed  phase i n l e t  concen­
t r a t i o n )  has been proved t o  be o f  no va lue  in t h i s  program 
due to the d imensi onl ess  r e p r e s e n t a t i o n  o f  the  process  
model ,  which cons i der s  the  i n l e t  c o n c e n t r a t i o n  equal  to 
u n i t y  and the o u t l e t  c o n c e n t r a t i o n  as a r a t i o .
To n e u t r a l i z e  the  e f f e c t  o f  any v a r i a b l e ,  i f  i t  i s  
d e s i r a b l e  to  keep i t  c o n s t a n t ,  the upper and l ower  bounds 
as we l l  as the  f i r s t  guess values are made e q u a l .
The second purpose o f  t h i s  program "MAIN" is  to
c a l l  in the  o p t i m i z a t i o n  subprogram which can be any o f  the  
f o l l o w i n g  f o u r .
1.  V a r i a b l e  M e t r i c  Method "VAMM": In t h i s  case an a u x i l i a r y
s u br out i ne  i s  r e q u i r e d .  Subrout i ne  INPUT i s  c a l l e d  in
to  prov i de  the  o p t i m i z a t i o n  subprogram w i t h  t he  f o l l o w ­
ing necessary  i n f o r m a t i o n :
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D -  an e s t i m a t e  o f  the expected minimum o f  the  
f u n c t i  on
PMIN -  an e s t i m a t e  o f  the  a l l o w  minimum changes in  
any o f  the process v a r i a b l e s ,
EP -  a smal l  parameter  ( e ) ,  t wi ce  t h e  accuracy  
r e q u i r e d  in e v a l u a t i n g  the optimum of  the  
f u n c t i o n ,  and
IPRNT -  an index to c on t r o l  the amount o f  i n f o r m a ­
t i o n  p r i n t e d  o u t .
2.  Optimum G r a d i e n t  Method "OPTGRD": In t h i s  subprogram 
most o f  t he  i n f o r m a t i o n  r e q u i re d  i s  eva l ua t ed  or  given  
w i t h i n  the program.  The only  s ubr out i ne s  c a l l e d  in a r e  
the o b j e c t i v e  f u n c t i o n  (PROC),  and the bounds on the  
process v a r i a b l e s  (BOUNDS).
3.  Mod i f i ed  F l e t c h e r - P o w e l 1 Method (FLTPOM): In t h i s  sub­
program m a t r i x  p r e s e n t a t i o n  i s  e l i m i n a t e d  and e q u i v a l e n t  
vec t ors  are  genera ted  t o  save a c on s i d e r a b l e  amount o f  
s t o r ag e .
4.  C o n j u g a t e - G r a d i e n t  Method (CONJGR): A s i m i l a r  procedure
to method ( 3 )  i s  i n c o r p o r a t e d .  For the l a s t  two methods 
an index "1ER" has been set  to i n d i c a t e  how f a r  the  
o p t i m i z a t i o n  search has gone and the reason f o r  any 
f a i l u r e  in r each i ng  t he  optimum.
1ER - e r r o r  parameter
= 0 means convergence i s  obta i ned  
= 1 means no convergence in a l i m i t e d  number o f  
i t e r a t i o n s
TOO
= 2 means l i n e a r  search i n d i c a t e s  that  no minimum 
e x i s t s ,  and 
= -1 means e r r o r  in g r a d i e n t  c a l c u l a t i o n s .  
O p t i m i z a t i o n  Subprogram:
The subprogram i s  w r i t t e n  i n  a s tandar d  form t o  p e r ­
form a sequence o f  c a l c u l a t i o n s ;  the outcome is  the f e a s i b l e  
minimum o f  an o b j e c t i v e  f u n c t i o n  w r i t t e n  f o r  the case under  
i n v e s t i g a t i o n ,  and the e q u i v a l e n t  optimum l e v e l s  f o r  the  
process v a r i a b l e s  v e c t o r .
Subr out i nes  c a l l e d  i n  by t he  subprogram a re :
1.  DERF -  to c a l c u l a t e  the  d e r i v a t i v e  or  g r ad i en t  v e c t o r  
val ues  of  the process v a r i a b l e s  v e c t o r  a t  any s t a ge  o f  
the  search .  This  has been per formed n u m e r i c a l l y  by i n ­
c rea s i n g  each v a r i a b l e  by an i nc r e me n t a l  value w h i l e  the  
o t h e r  v a r i a b l e s  are kept  c on s t an t  and the  corresponding  
change in the o b j e c t i v e  f u n c t i o n  va l ue  i s  c a l c u l a t e d .
Th i s  can be expressed m a t h e m a t i c a l l y  as f o l l o w s :
a.  For the c o n s t r a i n e d  f u n c t i o n  (OBJ):
f ( x .  + AX.) -  f ( x . )
9 i ( x )  = V '  —  I T .    t I V - 4 3 )
and
b. For the  Dual  Unconst ra ined f u n c t i o n ,
V T . ( x )
g ! ( x )  = 7 6  = 7 f  -  R.  p ( I V - 4 4 )
'  X X  J [ g , ( x ) ] 2
where
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Rj i s  the  p e n a l t y  f a c t o r  which weights the c o n s t r a i n t s  
t o  the c on s t r a i n e d  f u n c t i o n  ( f  e OBJ).
T ^ ( s )  a r e  the  c o n s t r a i n t s
2. BOUNDS -  to  impose the l ower  and upper l i m i t s  on the  
process v a r i a b l e s  v e c t o r .  These l i m i t s  are  expressed  
as lower  and upper  l i m i t  v e c t o r s ,  XL(M) and XU(M) ,  
where n i s  the number o f  v a r i a b l e s .
The s t a r t i n g  p o i n t  f o r  the  search must be w i t h i n  the  
f e a s i b l e  range.  I f  a t  any s tage  in computat ion the p r e d i c t e d  
or  new e v a l u a t e d  v a l u e ( s )  o f  t he  process v a r i a b l e ( s )  v i o ­
l a t e d  these l i m i t s ,  one of  the  f o l l o w i n g  a c t i o n s  w i l l  be 
t aken:
1.  the  v a r i a b l e  va lue  is  r ep l a c ed  by the ne ar es t  bound,  
or
2.  an index i s  t r a n s f e r r e d  to  t he  o p t i m i z a t i o n  subpro­
gram showing t he  v i o l a t i o n ,  and consequent ly  a c u t -  
down or  s c a l i n g - u p  in the  step s i z e  is  t a k e n .  The 
new e v a l u a t ed  va lue  i s  again checked and f u r t h e r  
c o r r e c t i v e  a c t i o n  i s  t a k e n .
3. PROC - to e v a l u a t e  the t h r e e  terms of  the o b j e c t i v e
f u n c t i o n :  NTU, power consumpt ion,  column through put ;
t he  c o n s t r a i n e d  o b j e c t i v e  f u n c t i o n  (OBJ) ,  and the dual
uncons t r a i ned  f u n c t i o n  ( P H I ) .  A f a c t o r  i s  set  equal  to  
u n i t y  i n  t he  begi nning o f  the s u b r o u t i n e ,  and a t  any 
occasion when one o f  the c o n s t r a i n t s  i s  v i o l a t e d ,  the  
v a l ue  o f  t h i s  f a c t o r  w i l l  i nc r e a s e  p r o p o r t i o n a l l y  to
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the degree o f  v i o l a t i o n .  The va l ue  o f  PHI w i l l  be equal  
to the c a l c u l a t e d  va l ue  m u l t i p l i e d  by the va lue  o f  the  
f a c t o r  (equal  to u n i t y  when t h e r e  i s  no v i o l a t i o n ) .
This w i l l  make the o p t i m i z a t i o n  search i n t e r p o l a t e  be­
tween the l a s t  f e a s i b l e  va l ue  and the va l ue  of  the v a r i ­
ables causing t h i s  v i o l a t i o n  and de t e r mine  a new f e a s i b l e  
poi n t .  T h e r e f o r e ,  the search w i l l  con t i nue  only in  the  
f e a s i b l e  r eg i on .
Subrout ines c a l l e d  by PROC:
1. S t e a d y - S t a t e  Model Subrout ines  (STSMOD): from which
the va l ue  of  t h e  HTU is  c a l c u l a t e d ,  t h e  e x t e n t  of  
e x t r a c t i o n  c o n s t r a i n t  (XOT) ,  and the necessary c on d i ­
t i o n  f o r  mass t r a n s f e r  between two phases c o n s t r a i n t  
(DIFNG) ( e q u i v a l e n t  meaning f o r  the l a s t  two i s  
given i n  Chapter  I  o f  t h i s  s e c t i o n ) .
A d i f f i c u l t y  can a r i s e  in t h i s  s u br out i ne  when 
the l o g a r i t h m i c  mean d r i v i n g  f o r c e  equat i on  ( c . f . 2 )  
i s  used to e v a l u a t e  the  apparent  number o f  t r a n s f e r  




NTUp = -------- '  ' j W v i -------------------   ( I V - 4 5 )
, _ /_ feed mass f l o w r a t e ____________ \
mL E q u i l i b r i u m  const ant  x s o l v e n t  mass'
f 1owrate
For t h e  process under i n v e s t i g a t i o n  a pure s o l v e n t  
i s  used (yg = 0 ) .  T h e r e f o r e ,
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XOT = = I l
*2  ■ J'2/n * 2
Equat ion ( I V - 4 5 )  i s  s i m p l i f i e d  to
NTUp = -"1(1 ( IV-46)
On many occasions the argument of  the l o ga r i t h m  
becomes less  t h a n ,  or equal  t o ,  zero because o f  un­
r e a l i s t i c  values p o s t u l a t e d  by the search t e c h n i q u e .
To overcome t h i s  d i f f i c u l t y  an e m p i r i c a l  formul a  
developed by R e m a n , ( ^ )  and t e s t e d  versus the mean 
l o g a r i t h m i c  d r i v i n g  f o r c e  equat i on  e x p e r i m e n t a l l y ,  
has been used:
NTUp = K[A']0'S ( IV-47)
F i gur e  15 (Chapter  I I I )  shows t h a t  Equat ion ( I V - 4 7 )  
is in c lose  agreement  w i t h  Equat ion ( I V - 4 6 )  when 
the p r o p o r t i o n a l i t y  const an t  (K) i s  equal  to 2.
Equat ion ( I V - 4 7 )  was added to the S t e a d y - S t a t e  
Model Subrout i ne  to be a s t and- by  f o r  any n e g a t i v e  
or zero argument f o r  t he  l o g a r i t h m  i n  Equat ion  
( I V - 4 6 ) .
2 .  Holdup Subrout ine  (HOLDUP) -  from which the power  
consumption term in the o b j e c t i v e  f u n c t i o n  is  c a l ­
c u l a t e d  as w e l l  as the holdup volume f r a c t i o n  ( E P ) ,  
the f l o o d i n g  e q u i v a l e n t  holdup (EPF) ,  and P e c l e t  
numbers (Pe^ and POy).
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A u x i l i a r y  Subrout i nes  Used:
1. CUBIC -  to  s o l ve  an a l g e b r a i c  cubic  equat i on  f o r  the  
holdup s u b r o u t i n e .
2.  MATINV -  to e v a l u a t e  the i n v e r se  o f  a (12 x 12)  m a t r i x  
genera ted  in t h e  STSMOD Sub r ou t i ne .
3. MVMULT -  to e v a l u a t e  the product  o f  a m a t r i x  w i t h  a 
v e c t o r .
4.  INPROD - to e v a l u a t e  the i nn e r  product  o f  a v e c t o r  w i t h  
another  v e c t o r .
5.  TIME Funct i on  -  to c a l c u l a t e  a t  any stage in t he  compu­
t a t i o n s  the t i me  in seconds taken to  execute any p a r t  
o f  the program.
Numerical  Resul t s
For the o b j e c t i v e  f u n c t i o n  developed e a r l i e r ,  the  
f o u r  o p t i m i z a t i o n  t e c h n i q u e s ,  Optimum G r a d i e n t ,  V a r i a b l e  
M e t r i c ,  C o n j u g a t e - G r a d i e n t ,  and M o d i f i e d  F I e t c h e r - P o w e l 1 
have been t e s t e d .  I t  has been found n u m e r i c a l l y  t h a t  each 
t echnique  has t aken  a s epar a t e  t r a j e c t o r y  path towards t he  
optimum.
For an e x t r a c t i o n  process ( s p e c i f i c a l l y  an RDC) the  
expected optimum c o n d i t i o n s  o f  o p e r a t i o n  would be a minimum 
s o l v e n t  r a t e  use ( o r  maximum G / L ) ,  a minimum s o l u t e  waste in  
the o u t l e t  r a f f i n a t e  phase (minimum X p ) ,  maximum t hr oughput  
( V j  + V ^ ) ,  and minimum power i n p u t  per  u n i t  volume o f  e x t r a c t  
This  would be the  optimum o p e r a t i n g  c o n d i t i o n  i f  no con­
s t r a i n t s ,  l i m i t s  o r  bounds are  v i o l a t i n g  the process p e r f o r m­
ance.
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For the process under study the  e v a l u a t e d  optimum,  
wi th  r es p e c t  to t he  p o s t u l a t e d  c o n s t r a i n e d  f u n c t i o n ,  from the  
f o u r  o p t i m i z a t i o n  t echniques  used,  i s  summarized i n  Table 3.
Discuss ion
I t  i s  i mp o s s i b l e  t o  f i n d  one o p t i m i z a t i o n  technique  
t o  handle  a l l  e n g i n ee r i n g  problems.  A l s o ,  in the  s o l u t i on  
o f  r e a l  e n g i n e e r i n g  problems,  each method must be "tuned  
up" by t r i a l  and e r r o r  t o  o b t a i n  t he  best  r e s u l t s  in the  
minimum per i o d  o f  computer t ime and s to r ag e  r e q u i r e d .
Some o f  the  parameters which have to be considered  
f o r  m o d i f i c a t i o n  and imporvement a r e ;
1.  The method f o r  e v a l u a t i n g  the g r a d i e n t  o f  a v ec t o r .
In  the  pr esen t  methods t he  f i n i t e  d i f f e r e n c e  v a r i a b l e  (AXj)  
must be f i n e - t u n e d .
2.  The step s i z e  t o  be taken to i n i t i a t e  t he  l i n e a r  
s e a r c h .
3.  The optimum val ue  of  the  w e i g h t i n g  f a c t o r  (R)  to
g i ve  t he  bes t  r e s u l t s  w i t h o u t  v i o l a t i n g  any o f  t h e  c o n s t r a i n t s  
F o l lo w i n g  t he  pr ev i ous  argument ,  a compar ison be­
tween the  f o u r  o p t i m i z a t i o n  t echn i ques  i s  c a r r i e d  o u t .
Tab l e  4 shows t h e  var i ous  i mpor t an t  f a c t o r s  on which the 
somparison has been based.
From t h i s  t a b l e  t he  f o l l o w i n g  con c l us i on s  can be
drawn :
1.  For any RDC t h e r e  is an optimum s h a f t  speed,  and f o r  
any s p e c i f i c  s h a f t  speed t h e r e  is  an optimum combinat ion o f
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the feed and s o l ve nt  f l o w r a t e s .  The s h a f t  speed,  as a 
v a r i a b l e ,  does not  change c o n s i d e r a b l y  in the  moderate con­
d i t i o n s  o f  o p e r a t i o n  ( w i t h  the o p e r a t i n g  c o n d i t i o n  f a r  from 
f l o o d i n g  c o n d i t i o n s ) .  Under i n t e n s i v e  c o n d i t i o n s  o f  o p e r a t ­
ing ( s h a f t  speed over  800 cm/mi n) ,  i t  changes c o n s i d e r a b l y  
to c o u n t e r a c t  a v i o l a t i o n  i n  the  f l o o d i n g  c o n s t r a i n t .
2.  Once the search t echn i que  has d r i v e n  the  system 
away from t he  f e a s i b l e  range and c onsequent l y  v i o l a t e d  any
o f  t he  imposed c o n s t r a i n t s ,  a c o r r e c t i v e  a c t i o n  must be taken  
to r e t u r n  the  system to a no t her  f e a s i b l e  r e g i o n .  I f  i t  
f a i l s  to do so,  i t  w i l l  be r a t h e r  d i f f i c u l t  to c o r r e c t  i t ,  
unless a new i t e r a t i o n  i s  s t a r t e d  f rom the  l a s t  f e a s i b l e  
poi n t .
3.  The p o s s i b i l i t y  o f  a l o c a l  optimum e x i s t i n g  anywhere 
e l s e  on t he  sur f ace  has been checked by s t a r t i n g  the  search  
from the  o t h e r  ext reme s ide  o f  the  c o n d i t i o n s  o f  o p e r a t i o n .  
Thi s  has shown t h a t  t h e r e  i s  one,  and o n l y  one,  optimum f o r  
a r o t a t i n g  d i sc  c o n t a c t o r  o p e r a t i n g  under s t e a d y - s t a t e  con­
d i t i o n s .
4 .  From the prev i ous  compar ison o f  search methods,  i t  
can be sa i d  t h a t  the  optimum g r a d i e n t ,  f o l l o w e d  by the v a r i ­
ab l e  m e t r i c  i s  the  most s u i t a b l e  f o r  d e a l i n g  w i t h  the  problem 
under  s t udy .
5.  The f o u r  methods o f  o p t i m i z a t i o n  have been t e s t e d  
f o r  a p o s t u l a t e d  per formance c r i t e r i o n .  Changing the  form 
o f  t h i s  c r i t e r i o n  to  i n c l u d e  economic f a c t o r s  may i n v a l i ­
da t e  t h i s  compar ison.
TABLE 3
COMPARISON BETWEEN THE OPTIMUM LEVEL OF OPERATION 
ESTIMATED BY FOUR OPTIMIZATION TECHNIQUES
Estimated Optimum Values Obtained by
Process Variables
Optimum Gradient Variable Metric Conjugate Gradient
Modified 
Fletcher-Powel1
Feed Phase Man Flowrate 
(g/min)
180. 179.9995 143.278 178.8716
Solvent Phase Man Flowrate 94.52 95.2738 75.3374 94.6338
Rotating Shaft Speed 
(cm/min)
468.3 470.9 437.8 468.5
R affinate Concentration 
(dimensions fo r in te r feed 
concentration equal to unity  
and pure solvent)
0.49939 0.49628 0.498369 0.496459
Constrained Objective 
Function Valve (F)
157.743 159.296 162.173 159.062
Unconstrained Objective 
Function Value (4,)
158.149 159.3676 162.3292 159.1369
o
TABLE 4
COMPARISON BETWEEN FOUR SEARCH TECHNIQUES OF OPTIMIZATION
Item Search Technique Property Optimum Gradient Variable Metric Conj ugate-Gradi ent FIetcher-Powel1
( 1) S im plicity o f formula- 
mulation and implemen­
ta tio n  (in  order)
1 3 4 2
(2 ) Core Storage Usage 
(Bytes)
36,332 43.020 37,764 36,968
(3) Compilation Time 1.94 secs 3.23 secs 1.98 secs 1.98 secs
(4) Convergence
S e n s itiv ity
Very Good Very Good Fair Good
(5) CPU Time 64.20 sec 46.672 secs 149.157 sec 127.59 sec
(6 ) Number of Function 
Evaluations
88 21 72 61
(7) No. o f Ite ra tions 26 14 21 19
(8 ) Total CPU Time used 
fo r 7 s tarting  points
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CHAPTER V
DYNAMIC MODELLING
As has been ment ioned b r i e f l y  i n  the i n t r o d u c t i o n  
o f  t h i s  t h e s i s ,  a dynamic model o f  the process i s  necessary  
f o r  dynamic opt imal  c o n t r o l ,  t i m e - o p t i m a l  c o n t r o l  f o r  the  
s t a r t - u p  p e r i o d ,  and r ecover y  o f  t he  process i f  i t  has a l ­
ready gone through the c r i t i c a l  r e g i o n .
Each mathemat i ca l  model developed f o r  a s p e c i f i c  
purpose must f u l f i l l  c e r t a i n  requ i rement s :
1.  For dynamic opt i ma l  c o n t r o l ,  i t  must y i e l d  a s o l u ­
t i o n  r a p i d l y ,  and be s u f f i c i e n t l y  a c c u r a t e .
2.  For t ime opt i ma l  c o n t r o l  f o r  the s t a r t - u p  p e r io d
a h i g h l y  a cc u r a t e  model i s  r eq u i r e d  over  the  e n t i r e  
p e r i o d  w h i l e  t he  t ime r e q u i r e d  f o r  o b t a i n i n g  the  
s o l u t i o n  is  not  a c r i t i c a l  f a c t o r .
3.  For t r o u b l e  s h o o t i n g ,  cases one and two should i n ­
clude necessary  c o n s t r a i n t s  to avoid the c r i t i c a l  
and u n s ta b l e  r e g i o n .
Previous Work on E x t r a c t i o n  Dynamics
Table  5 shows a summary o f  the previous i n v e s t i g a ­
t i o n s  c a r r i e d  out  by a number o f  authors  on the  dynamics
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of  l i q u i d - l i q u i d  e x t r a c t i o n  processes.  F u r t h e r  d e t a i l s  about  
each o f  these i n v e s t i g a t i o n s  can be found in t he  c r i t i c a l  
rev iew pub l i shed  by P o l lock  and Johnson. )
The f o l l o w i n g  work is the  most r e l e v a n t  to t h i s  
study .  Mixed c e l l  model wi th  const ant  back - mi x i ng  c o e f f i ­
c i e n t s ,  developed by Po l lock  and J o h n s o n . I n  t h i s  model ,  
the f o l l o w i n g  assumptions were p o s t u l a t e d .
1. Wi th i n  the narrow range o f  c o n c e n t r a t i o n s  used e x p e r i ­
m e n t a l l y ,  the feed phase f l o w r a t e ,  the s o l v e n t  phase 
f l o w r a t e ,  the e q u i l i b r i u m  d i s t r i b u t i o n  c o e f f i c i e n t ,  and 
the  product  of  mass t r a n s f e r  c o e f f i c i e n t  and i n t e r f a c i a l  
ar ea  per  u n i t  volume are c on s t an t .
2.  The g r a d i e n t  o f  s o l u t e  c o nc e n t r a t i o n  in each phase i s  
composed o f  f i n i t e  steps a s s oc i a t e d  wi t h  t he  area between 
two successive s t a t o r  r i n g s .
3. The mean v e l o c i t y  and c o nc e nt r a t i o n  o f  each phase a re  
const an t  across t h a t  pa r t  o f  the column c r o s s - s e c t i o n  
occupied by the phase.  Thus the  c o n c e n t r a t i o n  g r a d i e n t s  
e x i s t  on l y  in the  d i r e c t i o n  o f  f l o w .
4.  The composi t ion o f  t h e  back-mixed stream from a g i ven  
s tage  i s  the  same as t h a t  o f  the main s t ream l e a v i n g  
the  s tage.
5.  V a r i a t i o n  in holdup,  e f f i c i e n c y ,  and back - mi x i ng  c o e f ­
f i c i e n t s  over  the t r a n s i e n t  per iod  are n e g l i g i b l e .
6.  The c o e f f i c i e n t s  o f  back -mi x i ng  between stages do not  
v a r y  from one stage to  a no t her .
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The model being considered can be r e p r es e n t e d  d i a -  
g r a mm a t i c a l l y  as shown i n  F i gur e  23.
For the c o n d i t i o n s  o u t l i n e d  above,  the f o l l o w i n g  mass 
balance f o r  the s o l u t e  can be w r i t t e n  as f o l l o w s :
For the f i r s t  s tage:
aXg + arxg - (1 + r)ax^ + (1 + + (1 + e)y^
(V-U
For any i n t e r m e d i a t e  stage ( k ) :
(1 + r)aX|^_^ + raX|^+^ + (1 + e)y,^+^ + e y ^ . i  -  (1 + 2 r ) a x ^
Eu dx. (1 -  E. ) dy,^
-  t ’ *  = - T 3 r "  —
and,  f o r  the l a s t  stage ( n ) :
(1 + r ) a x ^ . ,  + e y „ . ,  *  -  (1 + r ) a x „  - (1 + e ) y „
In the case o f  e q u i l i b r i u m  be ing a t t a i n e d  in each 
s t a g e ,  the  s t e a d y - s t a t e  mass balances f o r  the s o l u t e  in  
t he  outgoing streams a r e :
For the f i r s t  s tage:
(1 + r )ax^ + (1 + e)y-| = (1 + r ) a x |  + (1 + e ) y |  ( V - 4 )  
For the i n t e r m e d i a t e  s tages :
(1 + 2r)aX|^ + (1 + 2e) y^  = (1 + 2r)ax|J + (1 + 2e)yjJ ( V - 5 )
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and,  f o r  the l a s t  s tage:
(1 + r )  ax^ + (1 + e )y^  = (1 + r ) a x *  + (1 + e ) y j  ( V - 6 )  
The stage e f f i c i e n c i e s  can be d e f i n e d  as:
-  ^ 0  '  ^1 -  * k - l  '
1 X -  -  X *  • " k  x ' _ T  -  X *
and ^ ^  ( V - 7 )
■n x ; . ^  -  X!
where
+ r x j  (1 + + rx
x l  = ' -  and X'
k+1
0 1 + r  '^k- l  1 + 2r
F u r t h e r ,  the s t e a d y - s t a t e  mass ba lance f o r  the  
s o l ut e  over  the k - t h  stage cor r espondi ng  to  Equat ion ( V - 5 )  
is
(1 + r)aX|^_^ + r ax^  + (1 + ey^^^ + ey^ . ^
= (1 + 2r)aX|^ + (1 + 2e) y^  ( V - 8 )
and,  f o r  the e n t i r e  system o f  s tages  i t  i s
a(*o - = J'l - V l
F i n a l l y ,  the genera l  e q u i l i b r i u m  r e l a t i o n s h i p  is
y *  = DjX + q . ,  i = l , - - - , n  ( V - 1 0 )
Po l lo c k  and Johnson ended by p u t t i n g  Equat ions  
( V - 1 )  to ( V - 3 ) ,  a f t e r  a few r ep lacements  and a r r angement s ,  
in v e c t o r - m a t r i x  form as f o l l o w s :
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[ A ] - x  = [C]x^ + G ( v - n )
The above equat i on  r e p r e s e n t s  t h e  unforced dynamic  
model f o r  the process and can be r e w r i t t e n  in more compact  
form as f o l l o w s :
[ A ] - x = B  ( V - 1 2 )
where
B = [C]x  + G ( V - 1 3 )
In  these r e l a t i o n s  [A]  i s  the  t r i d i a g o n a l  m a t r i x
[A]  =
a n  a ^  0
^21 ®22 ®23 °
0
0
® k , k - l  * k , k  ^ k , k + l  °
^ ^ n - 1 , n - 2  ^ n - 1 , n - l  n - l , n
® n , n - l  * n , n
( V - 1 4 )
[C]  r ep r es e n t s  the  codiagonal  m a t r i x :
[C]  =
^11 ^12 ^13 
^21 ^22 *^23 ^24
*^k,k-2 ^ k , k - l k , k ^ k , k + l  ^k ,k+2
^n-1 , n - 3  ^n-1 , n - 2  ^ n - 1 > n - l  n - 1 , n
* 'n ,n-2  ^n , n - l  ‘' n . n
( V - 1 5 )
121
The column v e c t o r  G i s  g i ven  by the  expr es s i on :
= [g^, g g , " ' ,  9 ĝ . -i .  ĝ J (v- ie)
where " I "  denotes t r a ns pose .
Parameters  a ^ , b^,  c ^ , and d. are now de f i ned  by 
the f o l l o w i n g  e q u a t i o n s :
n z 1
a  ̂ = f o r  i = 1 , •  • • ,n
h  = r H  *  t t t  f " -  '  = ' i
*’ k “ I + 2e *  1 +^2e ■ 2 , - - - , ( n - l )
c ,  = H i  1 = < :
C|̂  = { - ^ -| e ' fo r  k = 2 , - - - , ( n - 2 )
d . = —  f o r  i = 1 , •  • • ,n
1 n z
The elements o f  the m a t r i x  [A]  are r epr esent ed  f o r  
i = l , * * * , n  by t he  f o l l o w i n g  exp r es s i on s :
(1 -  E . )
 L-------  <'  "
cij i = p [E j + (1 -  ) (d .̂ - aa^e . ) ]
(1 -  E . )
^i  , i + l  " L ’"^i'^i
S i m i l a r l y ,  t he  elements o f  [C]  are re pr es e nt e d  by
= (1 + e ) ( l  + r ) a 2 bg - (1 + e ) ( d^  - aa-jC^) -  (1 + r ) a
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c 2̂ = a r  + (1 + e j f d g  - aSgCg) - (1 + e ) r a ^ b ^
C] 2  = (1 + e ) r a 2 b2 , and c-j^ = (1 + e ) r a 2 b2 
For 1 = 2 ,  • • • ,  ( n - 1 )
= (1 + r)a + e(d^_i - aa. _^c^_^  ) - (1 + 2e)(l + r)a^b^ 
c.^. = (1 + e)(l + r)a.^^b.^^ + erâ ._̂ b._̂  - (1 + 2r)a
-  ( 1 + 2 e ) ( d ^  -  aa .̂ ĉ . )
S ' . i t l  = >•“ + ( ' ♦  e) (<) i  + i -  -  ( '  + 2 e ) r a , b ,
S , i + 2  '  < '  *  
and
S,n-2 " ^1 ,1-2
" n . n - l  '  ( ’ + '•>“ « ( ‘‘n-1 '  '  <' "
S . n  '  -  <’ *  -  aa„c„}
F i n a l l y ,  the  e lements of  t h e  column vec t or  G are  
represented by:
91 " ^2 - 9] + [a -  (1 + e)a^b^]x^
92 = (1 + e ) qg  + eq^ -  (1 + 2e)q2 + eq^ - (1 + 2e)q2
+ ea^b^x^
9i  = (1 + e ) 9 i  + i + e q . _ i  -  (1 + 2 e ) q .  , f o r  1 = 3 , - - - , { n - l )  
and
9„ = eq„ -  (1 + e ) q „ . ,  *  y „ ^ ,
For a f o r ce d  dynamic system Equat ion (V-12 )  can 
be r e w r i t t e n  as f o l l o w s :
X = [ A ] " ' ' [ C ] x  + [ A ] ‘ ’’ g + [ B * ] u  ( V - 1 8 )
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where [ B * ]  i s  the c o n t r o l  m a t r i x ,  l e t t i n g  the  a s t e r i s k  
d i f f e r e n t i a t e  between the one given in the forced dynamic 
system equat ion and t he  m a t r i x  [B]  i n  Equat ion ( V - 1 2 ) .
®1,0 °
[ B* ]  = :
°  " n , n + l
and ^  i s  the cont ro l  v e c t o r .
The above model developed by Po l lo c k  and Johnson 
i s  a mixed c e l l  model w i t h  c onst an t  back -mi x i ng  c o e f f i c i e n t s .  
The bas i c  equat ions have p r e v i o u s l y  been p o s tu l a t e d  by o t h e r  
workers .  The only  d i f f e r e n c e  here i s  the v e c t o r  m a t r i x  no­
t a t i o n  used.
Undoubtedly i t  i s  more accur a t e  t o  present  t he  
process dynamics,  e s p e c i a l l y  in the s t a r t - u p  p e r i o d ,  by the  
mixed c e l l  model .  But the  d i f f i c u l t y  in using t h i s  t y pe  o f  
model l i e s  i n  the  high o r d e r  o f  the v e c t o r - m a t r i x  equat i on  
produced.  The RDC under i n v e s t i g a t i o n  has 50 compartments.  
However , the he i gh t  d i f f e r e n c e s  between t he  i n l e t s  o f  both 
phases and the f i r s t  s t a t o r  r i n g  a t  both ends could be con­
s i d e r ed  as anot her  two compar t ment s . Th i s  means t h a t  the  
dimensions o f  the m a t r i c e s  w i l l  be (52 x 52} and the vec t or s  
( 52 )  which w i l l  make a numer ica l  s o l u t i o n  o f  the problem 
o f f - l i n e  very  d i f f i c u l t  and o n - l i n e  i mp o s s i b l e .  This  l i m i t a ­
t i o n ,  in  a d d i t i o n  t o  t he  c o mp l ex i t y  o f  the  model s t r u c t u r e
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w i l l  make the v e c t o r - m a t r i x  m a n i p u l a t i o n s  t ime-consuming.  
T h e r e f o r e ,  i f  one can r e p r e s e n t  t he  process dynamics by a 
s t age- wi se  model ,  w i t h  the o r d e r  e q u i v a l e n t  to the number  
o f  t h e o r e t i c a l  s tages ( N . E . T . S . ) ,  then t h e r e  i s  no p o i n t  in  
adding such c om p l ic a t i on s  f o r  l i t t l e  d i f f e r e n c e  in a ccur acy .
The main advantage o f  t h e  Po l l ack- Johnson model l i e s  
i n  i t s  impor tance  i n  p o s s i b l e  t h e o r e t i c a l  i n v e s t i g a t i o n s  
to  be c a r r i e d  o u t  on the e f f e c t  o f  v a r i a b l e  back-mix ing  
c o e f f i c i e n t s ,  v a r i a b l e  holdup volume f r a c t i o n ,  and h a nd l ing
systems w i t h  n o n l i n e a r  e q u i l i b r i u m  r e l a t i o n s h i p .
( 82 1
Biery  has ment ioned t h a t  the i n f l u e n c e  o f  
e xpon ent i a l  terms w i t h  smal l  t i me  const ant s  which occur  i n  
the s o l u t i o n  o f  the dynamic equat i ons  i s  to produce a t i m e -  
delay a t  the b e gi nn i n g  o f  the response p e r i o d .  This  dead-  
per iod is  the t ime r e q u i r e d  f o r  the  phy s i ca l  d i sp l a c eme nt  o f  
phases a f t e r  i n t r o d u c i n g  a d i s t u r b a n c e .  The e x p o n en t i a l  
terms w i t h  l a r g e  t ime const ant s  det e rmine  t he  o v e r a l l  t ime  
f o r  t h e  system t o  reach s t e a d y - s t a t e .  When the  f i n i t e  se t  
o f  equat i ons  i s  used to  r e p r e s e n t  the  dynamic behav i or  o f  
the column ( p u l s e d ) ,  t he  l ag  p e r io d  i s  f o r e - s h o r t e n e d  because  
only a smal l  number o f  e xp o n e n t i a l  terms a re  produced.  Thus,  
in a s tagewise  model ,  a very  poor  r e p r e s e n t a t i o n  o f  t he  lag  
p o r t i o n  of  the response curve i s  produced when the number o f  
e q u i l i b r i u m  stages  in the column i s  smal l .
The impor tance  o f  the above f i n d i n g s  i s  found i n  
i t s  suppor t  f o r  conclus ions  to  be drawn at  the  end o f  t h i s  
ch ap t er .
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Chernyshev^^^^ has t r i e d  t o  so lve  a d i s t r i b u t e d ,  
p l u g - f l o w  dynamic model e qu a t i o n  a n a l y t i c a l l y , s t a r t i n g  w i th  
a h y pe r b o l i c  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n .  He has ob t a i ned  
s e m i - q u a n t i t a t i v e  s o l u t i o n s  i n  terms o f  wave s u p e r p o s i t i o n  
and d i s p e r s i o n  wh i ch ,  however ,  cannot  p r e c i s e l y  r e p r e s e n t  
a m e ch a n i c a l l y  a g i t a t e d  column w i t h  a s p e c i a l  f l o w  dynamics 
i n s i de  each compar tment ,  c r e a t e d  by the r o t a t i n g  d i s c s ,  and 
between a d j a c e n t  ones.
Lumped-Parameter  Model f o r  Seven Flow Concepts
As the l i t e r a t u r e  survey shows,  a l l  t h e o r e t i c a l  
and numer ica l  work in the  f i e l d  o f  e x t r a c t i o n  dynamics has 
been b u i l t  on one o f  t h e  f o l l o w i n g  t h r e e  b a s i c  assumpt ions:
a.  t wo-phase  d i f f e r e n t i a l  c on t a c t  w i t h  p l u g - f l o w  con-  
di t i  ons .
b.  t wo-phase  s t agewi se  c o n t a c t  w i th  c o n s t a n t  back-  
mixing c o n d i t i o n s .
c.  t wo-phase  f i n i t e  c o n t a c t  ( m i x e d - c e l l )  w i t h  c on s t an t  
b a ck -mi x i ng  c o n d i t i o n s .
However,  i n  computer  c o n t r o l , the  p o s s i b l e  range o f  v a r i a ­
t i on  in  process v a r i a b l e s  i s  expected t o  be ve r y  l a r g e  and 
is on l y  bounded by the minimum and maximum l i m i t s  f o r  the  
i nput  v a r i a b l e s .  T h e r e f o r e , the  c o n s i d e r a t i o n  o f  one con­
cept  o f  f l o w  t o  p r e se n t  the  process dynamics over  a wide  
range o f  o p e r a t i o n  in the  t r a n s i e n t  p e r i o d  would not  be en­
t i r e l y  a c c u r a t e ,  and i t  would be more advantageous to  i n c o r ­
pora te  as many as p o s s i b l e  o f  the  f l o w  concepts in  one
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a l g o r i t h m .  In the remai nder  o f  t h i s  c h a p t e r ,  a s tagewise  
dynamic model w i l l  be developed and solved n u m e r i c a l l y  f o r  
seven d i f f e r e n t  concepts o f  f l o w .
1.  P I u g - f l o w  condi  t i  on
2.  Constant  back - mi x i ng  c o e f f i c i e n t s
a.  In both phases
b. In s o l v e n t  phase only
c.  In feed phase only
3.  V a r i a b l e  ba ck - mi x i ng  c o e f f i c i e n t s
f o r  t h r e e  s i m i l a r  cases as in ( 2 ) .
S o l u t i o n s  w i l l  be c a r r i e d  out  f o r  both t i m e - i n v a r i ­
ant  and t i m e - v a r y i n g  f e e d  r a t e s  and s h a f t  speeds.
Co n s i de r i ng  the  h e i g h t  e q u i v a l e n t  t o  a t h e o r e t i c a l  
stage is the  basi s  f o r  t r a n s i e n t  m a t e r i a l  b a l an c e .  The 
column i s  d i v i d e d  i n t o  a whole number o f  s tages n e ar e s t  to 
the  number o f  e q u i l i b r i u m  s tages f o r  t he  given c o n d i t i o n s  o f  
o p e r a t i o n .  F i g u r e  24 shows a schemat ic  r e p r e s e n t a t i o n  f o r
t h i s  type o f  model ,  and i t  i s  assumed t h a t  the two phases 
are u n i f o r m l y  mixed and in e q u i l i b r i u m  in each s t a ge .
The model o r d e r  has been c h a r a c t e r i z e d  f o r  t h e  g i ven  
c o n d i t i o n s  o f  o p e r a t i o n  by s o l v i n g  the  s t e a d y - s t a t e  d i f f e r ­
e n t i a l  model and c a l c u l a t i n g  the  HTU ( o r  NTU).  Subrout i ne  
NORD developed in  Chapt e r  I I I  had been w r i t t e n  f o r  t h i s  
purpose.
Model A: P l ug - F l ow Stagewi se  Model
For  t h i s  type o f  model the f o l l o w i n g  assumpt ions  
were p o s t u l a t e d :
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1. The mass f l o w r a t e  f o r  both phases were const an t .
This was a good approximat ion s i n ce  the  f l o w r a t e s  
were expressed on a s o l u t e  f . ee b a s i s ,  and the feed  
and s o l v e n t  phases had l i m i t e d  mutual  s o l u b i l i t y .
2.  The mass f l o w r a t e s  (G and L) were f u n c t i o n s  only  o f  
column h e i g h t  and not  o f  t ime o r  s o l u t e  concent r a -  
t i  on.
3.  L i n e a r  e q u i l i b r i u m  r e l a t i o n s h i p  was t a k e n .
4.  (K^a) was assumed to  be a f u n c t i o n  o f  column h e i g h t ,  
s ha f t  speed,  and degree o f  column s u b - d i v i s i o n  but  
not  a f u n c t i o n  o f  c o n c e n t r a t i o n  or  t i m e .
5.  The holdup volume f r a c t i o n  a long t he  column axis  
was cons i de r ed  to  be const ant .
For  t h e  c o n d i t i o n s  o u t l i n e d  above,  the  dynamic 
m a t e r i a l  ba l ance  f o r  the  n - t h  e q u i l i b r i u m  stage can be w r i t ­
ten as f o l l o w s :
'  G(x„_,  -  x j  + L ( y „ ^ ,  -  y „ )
f o r  n = 1 , • • •  ,N ( V - 19 )
Making use of  the e q u i l i b r i u m  r e l a t i o n ,
y = mx (V - 20 )
f o r  the  given phys i ca l  system,  the f o l l o w i n g  equat i on  r e ­
s u l t s  :
dx^ dx„
E Â T ~  + -  e)dt  d t = mLx^^^ -  (G + mL)Xn + Gx^_^ ( V - 2 1 )
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By r e a r r a n g i n g  Equat ion ( V - 2 1 )  to give the r a t e  of  change 
in  feed phase c o n c e n t r a t i o n  wi t h  respect  to  t ime as a f u n c ­
t i o n  of  the o t h e r  parameters  o f  the e q u a t i o n ,  i t  f o l l ow s  
t h a t
- ml________   ̂ (G + ml)
l i e  + m(l  -  e ) ]  l i e  + m(l  -  e ) ]  "
( V - 2 2 )
^ [ e + m ( l - e ) ]  " ^
f o r  n = 1 , • • •  ,N.
I t  i s  i mpor t ant  here  to r e a l i z e  t h a t  the  feed phase 
c o n c e n t r a t i o n  a t  each s t a ge  i s  a f u n c t i o n  o f  t i m e ,  namely 
Xn = x ^ ( t ) , where x^ is t h e  s t a t e  vec t o r  o f  the order  ( N ) .
Assuming t h a t  the system w i l l  have an i n i t i a l  e q u i l i ­
br ium p o i n t  [ x ^ ( 0 )  = x^ ] ,  one can w r i t e  the s e t  o f  equat i ons  
( V - 2 2 )  in  v e c t o r - m a t r i x  form as f o l l o w s :
x ( t )  = [ A ] x ( t )  + [ B ] u ( t )  ( V - 2 3 )
where
x ( t )  i s  the s t a t e  v e c t o r  ( x ^ ,  X g , " »  
u^(t) i s  the c o n t r o l  v e c t o r  [u^ ( t ) , » "  , u ^ ( t ) ] ^  
S u p e rs c r i p t  T denotes t r anspose ,
[A]  i s  the  c o e f f i c i e n t  m a t r i x ,  (N x N)
and
[B]  is  t he  c ont r o l  m a t r i x  (N x m)
For t ime i n v a r i a n t  models,  the two mat r i ces  [A]  and
[B]  are  considered  const an t  over  a l l  the t r a n s i e n t  p e r i o d .
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gi v ing
Eg = i ^ [ e  +  m ( l  -  e ) ]
A = P _ ( 6  + mL )
'  ■ Ec ’
( V - 2 4 )
and




[ A ] =  0 A - B C ' ' ' 0
-  B C 0
A -B C
B
0 0 0 0 A -B
an N X N m a t r i x , and the  c o n t r o l  m a t r i x  can be w r i t t e n  as 
f o l lows  :
[ B]  =
A 0
0 C 
an N X 2 m a t r i x .
The two e lements  o f  the cont ro l  v e c t o r , u ( t ) ,  are  
def ined as: ( 1 )  u - | ( t )  = yf j^ . - | ( t ) ,  the i n l e t  s o l v e n t  concen­
t r a t i o n ,  and ( 2 )  U g f t )  = X g ( t ) , the  i n l e t  f eed  phase con­
c e n t r a t i o n .
Models B, C,  and D:
Stagewise  Models w i t h  Constant  Backmixing C o e f f i ­
c i e n t s .
Model B: Constant  Backmixing i n  Both Phases.
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Model C: Constant  Backmixing i n  Feed Phase Only.
Model D: Constant  Backmixing i n  So l vent  Phase Only .
The e f f e c t  o f  const an t  backmixing c o e f f i c i e n t s  on 
the dynamic response o f  a t i m e - i n v a r i a n t  model i s  consi dered ,  
For t h i s  set  o f  models,  the  f o l l o w i n g  assumptions  
were adopted:
1.  The composi t ion of  the back-mixed stream from a given  
stage is  the same as t h a t  o f  the  main stream l e a v i n g  
the  s tage.
2.  The c o e f f i c i e n t  o f  backmi x i ng ,  o f  each phase,  between 
stages do not  vary  from s t age  to s tage .
Assumptions ( 3 ) ,  ( 4 ) ,  and ( 5 )  are  the same as those given  
f o r  Model A.
For the c on d i t i on s  o u t l i n e d  above,  the mass ba lance  
equat i ons  f o r  the  s o l u t e  are  s i m i l a r  to those g iven by P o l ­
l ock  and Johnson, )  Equat ion ( V - 8 ) .
Fo l l owing the same procedure  as in  Model A,  the f o l ­
lowing set  o f  equat ions  can be developed:
%  ,  mel. *  e(1 *  r )  .  mL(1 + 2e)  *  G(1 *  2 r )  ^
’  ^ [ n ( l  -  e) + e ] -  e ) + e] "
+ x „ „  ( V - 2 5 )
I w  -  e )  +  e ]
f o r  n = 1 , •  ••  ,N.
The above se t  o f  e qu a t i o n s  can be present ed  in 
v e c t o r - m a t r i x  form f o l l o w i n g  t h e  same procedure used in
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Model A,  w i t h  the  exc e pt i on  t h a t  the terms A, B and C w i l l
be e q u i v a l e n t  t o  the  t h r e e  terms on the  r i g h t  hand s ide  of
Equat ion ( V - 2 5 )  r e s p e c t i v e l y .
The backmixing c o e f f i c i e n t s  r  and e a r e  s i m i l a r  to
(109)
those ob t a i ne d  by S t a i n t h o r p  and S u d a l l ,  
ten as f o l l o w s :
1. For  the  d i sper sed  phase
and can be w r i t -
r  = 0 . 09e
DrN, D.
2i
( V - 2 6 )
2.  An e q u i v a l e n t  equat i on  f o r  the  cont inuous phase can be 
w r i t t e n  w i t h  (1 -  e) i n s t e a d  o f  e ,  and i n s t e a d  o f  
Vj  in Equat ion ( V - 2 6 ) .  The e q u i v a l e n t  meaning f o r  these  
symbols a r e  g iven in  the  nomencl a ture .
Models E, F,  and G:
Stagewise Models w i t h  V a r i a b l e  Backmixing C o e f f i c i e n t s  
A s i m i l a r  procedure t o  t h a t  g iven f o r  the  l a s t  set  
o f  models has been used,  except  t h a t  the c o e f f i c i e n t s  o f  
backmixing a r e  taken as a f u n c t i o n  o f  the  v a r i a b l e  column 
h e i g h t ,  h ( i . e .  and e^ -  f ( h ) ) .
The v a r i a b l e  backmixing c o e f f i c i e n t s  r^ and e^ are  
s i m i l a r  to  those  developed by G e l ' p s r i n .
The e qu a t i o n  which has been used i s :
e ^ ( h )  = h ( 0 . 5  X 1 0 ' ^ ) U g  + 0 . 0 1 2  DpNp ( V - 2 7 )
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where
''e = Î T ^  •
A s i m i l a r  expr ess i on  f o r  r ^ ( h )  can be w r i t t e n  wi th
Vj. i ns t ead  o f  v^,  where = V^ /e .
Equat ion ( V - 2 5 )  can be m o d i f i e d  to  t ake  into  account
the v a r i a t i o n  in backmixing c o e f f i c i e n t s  by r ep l ac i ng  e
and r by e„ and r „ .n n
Not ice  here t h a t  the  terms o f  the  ma t r i c e s  [A]  and
[B]  w i l l  be d i f f e r e n t  due to  the  d i f f e r e n c e  i n  the values
o f  e„ and r „ ,  from one stage t o  a no t h e r ,  n n
A subr out i ne  ABMAT has been w r i t t e n  t o  eva l ua te  the  
c o e f f i c i e n t  and c o n t r o l  m a t r i c e s  f o r  the  seven imporved 
dynamic models.  F i gur e  25 shows a computer  f l o w  diagram 
f o r  the s ubr out i ne .
The computer  program a l g o r i t h m  developed for  t i m e -  
i n v a r i a n t  models can be m o d i f i e d  to co n s i de r  the change in  
the parameters o f  the m a t r i c e s  [A]  and [B]  due to  change in 
one o f  the i n l e t  streams or the s h a f t  speed.  This  i s  achieved  
by c a l c u l a t i n g  the c o e f f i c i e n t  and c o n t r o l  ma t r i ce s  a t  each 
d i s c r e t e  i n t e r v a l  o f  t i me  to  count  f o r  any change in the 
parameters o f  the two m at r i c e s  d ur i ng  the t r a n s i e n t  p e r i o d .
In t h i s  a l g o r i t h m  any change in the  o r d e r  o f  the model due 
to change i n  the o p e r a t i n g  c o n d i t i o n s  can be taken i n t o  
account  by s o l v i ng  t he  s t e a d y - s t a t e  model equat ions  f o r  the  
new l e v e l  o f  o p e r a t i o n .  This can be s imply  c a r r i e d  out by 
c a l l i n g  in subr out i ne  NORD.
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I n i t i a l  S t a t e  V ec t or
The procedure chosen to e va l u a t e  the i n i t i a l  s t a t e  
v ec t o r  depends on the requi rements  from the  model s o l u t i o n .  
The dynamic model has two main t asks :  (1 )  c o n t r o l l i n g  the
process dur ing the s t a r t - u p  p e r i o d ,  and ( 2 )  c o n t r o l l i n g  the  
process dur ing the t r a n s i e n t  per iod e i t h e r  by r e t u r n i n g  i t  
to the o ld  s t e a d y - s t a t e  l e v e l  o f  o p e r a t i o n  or f o r  a s e t -  
p o i n t  change.
Po l l o c k  and Johnson^^^^ have discussed the dynamics 
o f  the  process dur ing  the  s t a r t - u p  p e r i o d .  The usual  p r o ­
cedure ,  f o r  an e x t r a c t i o n  process,  is to f i l l  the column 
wi t h  the cont inuous phase a t  f i r s t  and then t o  set  up the  
f l o w r a t e  o f  t h i s  phase to the des i red  v a l u e .  The d i sper sed  
phase i s  then i n t r o d u c e d  w i th  an i n i t i a l  feed c o n c e n t r a t i o n  
x^.  Wi t h i n  a s ho r t  p e r i o d  the holdup of  the d i spersed  
phase p r a c t i c a l l y  a t t a i n s  i t s  s t e a d y - s t a t e  v a l u e .  A f u l l  
q u a n t i t a t i v e  d e s c r i p t i o n  o f  t h i s  p e r i o d  would be e x t r eme l y  
d i f f i c u l t  because o f  t he  d i f f e r e n t  d i sp lacement  v e l o c i t i e s  
of  t he  d i f f e r e n t  drop s i z es  and would l ead to very  complex 
r e s u l t s .  I t  i s  p o s s i b l e  to assume t h a t  the holdup succes­
s i v e l y  b u i 1ds-up to i t s  s t e a d y - s t a t e  va l ue  in consecut i ve  
s t a g e s .
The most s u i t a b l e  way o f  e v a l u a t i n g  t he  i n i t i a l  
s t a t e  v e c t o r  f o r  t h i s  s tage o f  o p e r a t io n  i s  t o  equate  the  
r a t e  o f  change in c o n c e n t r a t i o n  v e c t o r  to ze ro  (x = 0)  
and to  so l ve  t h e  r e s u l t i n g  homogeneous set  o f  equat i ons  
(d iscussed i n  s t e a d y - s t a t e  model comparison g iven l a t e r ) .
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Assuming the s t a t e  o f  the process dur i ng  the t r a n ­
s i e n t  per iod w i l l  be c o n t r o l l e d  t o  approach a new e q u i l i ­
brium s t a t e ,  Xg, d i f f e r e n t  from x^,  one can make the f o l ­
lowing change in the s t a t e  vec t or
Z ( t )  = x ( t )  -  Xe
m( t )  = u ( t )  -  Ug
( V - 2 8 )
where u ^ ( t )  r ep r esent s  t he  input s  which y i e l d  t he  e q u i l i ­
brium X g ( t ) .
The s t a t e  e quat i on  can be repr esent ed  i n  the  form 
o f  the s t a t e  changes i ns t e a d  of  the a bso l ut e  v a l ue s  of  the  
s t a t e  v e c t o r .
The dynamic e quat i on  becomes now
Z ( t )  = [ A ] Z ( t )  + [ 8 ] m ( t )
Z ( 0 )  = Zg = x ( 0 )
( V - 2 9 )
In t h i s  form the  dynamic balances are  e q u i v a l e n t  to the  
g e n e r a l i z e d  form w i th  the  f i n a l  e q u i l i b r i u m  being taken as 
the o r i g i n .  For example:
%T(0) T = [ x , ( 0 ) , X p ( 0 ) , - - - , x ^ ( 0 ) ]
u^=[ u^ , Ug]   ̂ 2 ^
The i n i t i a l  c o n d i t i o n  v e c t o r .  
J = [x ( 0 ) , X  ( 0 ) , * * « , x  ( 0 ) ]
The f i n a l  c o n d i t i o n  v e c t o r .
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I f  n o r m a l i z a t i o n  is c a r r i e d  out to  make the f i n a l  
c o n d i t i o n  the o r i g i n .
Z ( 0 )
X ,  ( 0 )  -  X (0)  1 e,
Xp(0) - X (0)
Xm ( 0 )  -  X (0)
would be the normal i zed  i n i t i a l  c o n d i t i o n  v e c t o r .
Method o f  S o l u t i o n
Severa l  methods f o r  s o l v i n g  the s t a t e - s p a c e  equa­
t i o n  are given in the 1 i t e r a t u r e . ^ ^ ^ ^ ^  The f o l l o w i n g  method 
o f  s o l u t i o n  has been chosen f o r  i t s  s i m p l i c i t y .
The f orced dynamic system equat i ons  can be w r i t t e n  
in  v e c t o r - m a t r i x  form as f o l l o w s :
x ( t )  = [A]  x { t )  + [ B ]  u ( t ) ( V - 3 0 )
The s o l u t i o n  f o r  the above e q u a t i o n  in cont inuous  form can 
be w r i t t e n  as f o l l ow s  :
•t
x ( t )  = [ G ( t ) ]  x ( 0 )  + [ G ( t - T ) ] [ B ]  u ( t ) dT ( V - 3 1 )
•'o
where
G ( t )  A A [ I ]  + t [ A ]  + + • • •
is  c a l l e d  the impulse response m a t r i x  f o r  the  system.
The f i r s t  term on t h e  r i g h t - h a n d  s i d e  o f  Equat ion  
( V - 3 1 )  r e pr es e n t s  t he  homogeneous s o l u t i o n  o f  Equat ion ( V - 3 0 )
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w h i l e  the second term ( t he  c o n v o l u t i o n  i n t e g r a l )  r epresent s  
t he  f or ced  s o l u t i o n .
I t  i s  assumed t h a t  u_(t) i s  p i e ce wi s e  c o n s t a n t ,  as 
i s  the case when sampled-data  c o n t r o l  i s  used.  Then f o r  
each sampl ing per iod  I ,
u ( t )  = u(KT) , KT < t  <  (K + 1)T (V -32 )
Then,  Equat ion ( V - 3 1 )  becomes
x ( K + 1) = [(j)] x ( K )  + [a] u (K)
where [ * ]  = [ G ( T ) ]
[A] = [G(T -  t )][B] dt
0
F i gur e  26 shows a f l ow diagram f o r  comput ing system 
response f o r  a given system wi t h  known [A]  and [ B ] ,  as wel l  
as the i n i t i a l  s t a t e  v e c t o r .
The program w r i t t e n  f o r  t h i s  purpose has a s e l f ­
checking procedure to mi n i mize  t h e  t r u n c a t e d  e r r o r  f o r  the  
e v a l u a t i o n  o f  e^^^^ by s e r i e s  e x p a n s i o n .
Keeping in mind the  purpose o f  deve l op i ng  and so l v i ng  
t h i s  model as we l l  as t he  dynamics o f  t he  RDC s t u d i e d ,  the  
a ut hor  has p r e f e r r e d  to accommodate the seven concepts of  
f l ow  in one a l g o r i t h m  to  p r esent  t he  process dynamics over  
a wide range o f  o p e r a t i o n .  This complex unique a l g o r i t h m  
w i l l  make i t  p o s s i b l e  t o  compare t he  process ou t pu t  to 
seven model outputs  f o r  the  same i n p u t .  Then,  the  model 
w i t h  minimum d e v i a t i o n  o f  e r r o r  w i l l  be chosen f o r  opt imal  
c o n t r o l  s t r a t e g y  des i gn .
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The dynamic model a l g o r i t h m  is  considered to  be a 
new form s t r u c t u r e  and method o f  s o l u t i o n  f o r  c on t r o l  com­
p u t e r  purposes,  which made the aut hor  c a l l  i t  by his  f i r s t  
name: "PROGRAM KAMEL".
Figure 27 shows t he  main o u t l i n e s  o f  the program 
which inc luded the f o l l o w i n g  s t eps:
1.  Subrout ine  NORD: So l v i ng  t he  s t e a d y - s t a t e  equat i ons  to
c a l c u l a t e  the number o f  t h e o r e t i c a l  stages f o r  the c o r ­
responding c on d i t i o n  o f  o p e r a t i o n .  D e t a i l s  a re  given  
in Chapter  I I I .
2.  Subrout ine  ABMAT: E v a l u a t i n g  the c o e f f i c i e n t  and con­
t r o l  ma t r i ces  f o r  t he  seven sets  o f  dynamic e q u a t i o n s .
3.  Subrout ine  XOVEC: C a l c u l a t i n g  the i n i t i a l  s t e a d y - s t a t e
v ec t or  by s o l v i n g  N - 1 i n e a r  equat i ons  in N unknowns ( x ^ ).
4.  Subrout ine  INPUT: To r e a d - i n  the i n p u t  vec t o r  values
e i t h e r  a t e s t i n g  f u n c t i o n  or  a r e a l  i n p u t  data  measured 
from t he  system.
5.  Main Program: The f u n c t i o n s  o f  t h i s  p a r t  a r e :
a.  To r e a d - i n  necessary  data f o r  t he  process.
b.  To c a l l - i n  the v a l ues  of  [ A ] ,  [ B ] ,  and x_(0) from
the cor responding s u b r o u t i n e s .
3.  To c a l l - i n  many s t andard  su b r ou t i ne s  to c a r r y  out  
s p e c i f i c  c a l c u l a t i o n s :
(1 )  SETUNI: Set  t he  ma t r i ce s  [ * ]  and [ a] equal  to
u n i t y
(2 )  MVMULT: M a t r i x - V e c t o r  m u l t i p l i c a t i o n .
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( 3 )  MMULT: M a t r i x - M a t r i x  m u l t i p l i c a t i o n .
( 4 )  SMULT: S c a l a r - M a t r i x  m u l t i p l i c a t i o n
( 5 )  COPYM: Copy a m a t r i x  in a not he r  m a t r i x  space.
( 6 )  MADD: M a t r i x - M a t r i x  a d d i t i o n
( 7 )  CPYVEC: Copy a v e c t o r  in a not he r  v e c t o r  space.
( 8 )  MSUBT: M a t r i x - M a t r i x  s u b t r a c t i o n .
( 9 )  MATMPB: M a t r i x - M a t r i x  m u l t i p l i c a t i o n  and s t o r ­
ing the product  i n  another  m a t r i x  
space.
( 10 )  Standard P r i n t i n g  Sub r ou t i ne s :
PRINTV: P r i n t  a v e c t o r  
PRINTM: P r i n t  a m a t r i x .
C a l c u l a t i n g  the ma t r i ce s  [()>] and [ a ] from the f o l ­
lowing s e r i e s :
[♦] = [♦'] + in- ([A] At)"
[ A]  = [ s ' ]  t  l i p r T T T  At ) '
( V - 33 )
Checking the  value  o f  the m a t r i x  [ * ' ]  and the m a t r i x  
[ a ‘ ] a t  m i t e r a t i o n .  I f  t he  va l ue  o f  any of  the  
m at r i c e s  a t  (m + 1) i t e r a t i o n  i s  very  smal l  compared 
to t h a t  a t  i t e r a t i o n  m, proceed;  o t he r w i se  increase  
t he  number o f  terms by one and check a g a i n .
F i n a l l y ,  c a l c u l a t e  [ a ] accord i ng  to the  f o l l o w ­
ing e q u a t i o n :
[ a ] = [ a ' ] [ B ]  At (V - 34 )
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f . C a l c u l a t i n g  t he  dynamic response a t  any per iod  of  
t ime from the f o l l o w i n g  e qu a t i o n :
x [ ( K  + l ) A t ]  = [<t>] x ( K , A t )  + [ a ] u ( K , A t )  ( V - 3 5 )
Th i s  b r i e f  o u t l i n e  i s  the  same f o r  both t i m e -  
i n v a r i a n t  and t i m e - v a r y i n g  models.  The l a t t e r  has 
the mat r i ces  [ * ]  and [ a ] var y i ng  w i t h  t i m e ,  making 
i t  necessary to  e va l u a t e  the  va lues  o f  the  mat r i ces  
[ A ( t ) ]  and [ B ( t ) ]  a t  each t ime i n t e r v a l .
g . The t ime i n t e r v a l  ( A t )  f o r  d i s c r e t e  systems,  which 
i s used here and e q u i v a l e n t  to the sampl ing per iod  
in sampled-data  systems,  i s  a very  i m po r t a n t  p a r a ­
meter  t o  be chosen.  I t  must be chosen c a r e f u l l y  
so t h a t :
(1)  the  v a r i a t i o n s  in the  model parameters  are  
too smal l  t o  be considered  c o n s t an t  dur i ng  the  
t i m e - i  n t e r v a l ,
(2 )  the  va lue  o f  At should not  be too smal l  to make 
d a t a - l o g g i n g  in r e a l - t i m e  o p e r a t i o n  an impos­
s i b l e  t a s k ,  and
(3)  f o r  a process w i t h  t i m e - d e a l y  to  be taken as 
an i n t e g e r  number o f  the  sampl ing i n t e r v a l s  
w i t h o u t  much e r r o r  in c a l c u l a t i o n .
Lapidus^^^^) in his  work on o p t i m i z a t i o n  and con­
t r o l  o f  a g r a v i t y  type e x t r a c t i o n  column has p r o ­
posed a one minute  t i m e - i n t e r v a l  to  be a good guess 
f o r  t h i s  type  o f  processes.
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Numerical  Resul t s  
T i m e - I n v a r i a n t  Cond i t i ons :
The p r e v i o u s l y  developed s e t  o f  dynamic models have 
been t e s t e d  f o r  the same i n p u t  d i s t u r b a n c e ,  which i s  a step  
change in  t h e  i n l e t  f eed  phase c o n c e n t r a t i o n  equal  to  -2% 
by we i gh t .
The numerical  computat ions are  conducted f o r  the  
f o l l o w i n g  c o n d i t i on s  o f  o p e r a t i o n :
Feed Phase Mass F l owr a t e  = 68 gm/min
So l ven t  Phase Mass F l owr a t e  = 80 gm/min
P e r i p h e r a l  Shaf t  Speed = 625 cm/min
I n i t i a l  Feed Phase I n l e s  C o n c e n t r a t i o n  = 10 wt.%
I n l e t  So l ven t  C o n c e n t r a t i on  = 0 . 0  wt.%
The Number of  E q u i l i b r i u m  Stages = 3 
The E q u i l i b r i u m  Constant  = 0 . 875
The c h a r a c t e r i s t i c s  o f  t h i s  model f o r  d i f f e r e n t  
f l ow c o n d i t i o n s  can be expressed i n  terms of  t he  c o e f f i c i e n t  
m a t r i x  [ A ] ,  the  i nput  m a t r i x  [ B ] ,  the t r a n s f e r  m a t r i x  [ * ] ,  
the c o n t r o l  ma t r i x  [ a] ,  the  i n p u t  v e c t o r  ( u j ,  and the i n i ­
t i a l  s t a t e  v a r i a b l e s  v e c t o r  ( x ^ ) .  The c or r espondi ng  va l ues  
f o r  these m a t r i c e s  and vec t or s  as o b t a i ne d  f rom the  numer ical  
s o l u t i o n  o f  the  e q u i v a l e n t  equat i ons  f o r  the seven f l ow  
co n d i t i on s  o f  the t i m e - i n v a r i a n t  model a r e  g i ven  in Table  
along wi th  the  s t a t e - v e c t o r  va lues  a f t e r  30 minutes  o f  ap­
p l y i n g  a s tep  change i n  the f e e d  phase c o n c e n t r a t i o n ,  and 
the t i m e - d e l a y  f o r  each stage response.
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Ti me- Vary i ng  Model :
A s i m i l a r  set  o f  seven concepts o f  f l o w  has been 
used in the t i m e - v a r y i n g  model and t e s t e d  f o r  a ramp change 
in the feed phase f l o w r a t e  [= 0 . 0 5  x t i me (m i n s )  x feed phase 
mass f l o w r a t e  ( g m / m i n ) ] .  The program was i n i t i a t e d  w i th  
s i m i l a r  values f o r  the t i m e - i n v a r i a n t  model ,  but  due to  
changes in the mass f l o w r a t e  o f  one o f  the phases the above 
mentioned ma t r i ce s  and vec t o r s  va lues  vary  w i t h  t i me .
Comparison o f  Dynamic Models
For the  set  o f  seven t i m e - i n v a r i a n t  v e r s i o n s  o f  the  
model ,  F i gure  28 shows a comparison between the  t i me - r e spons e  
curves o f  the  o u t l e t  r a f f i n a t e  c o n c e n t r a t i o n  f o r  a s tep change 
in the i n l e t  feed c o n c e n t r a t i o n  ( -  2 . 0  w t . % ) .  Also the  same 
set  o f  seven concepts o f  f l o w  i n  t he  t i m e - v a r y i n g  model  
were t e s t e d  f o r  a ramp change i n  t he  feed phase f l o w r a t e .
The t i me - r esponse  curve o f  the l a s t  s tage f o r  the  seven con­
d i t i o n s  o f  f l o w  are p l o t t e d  on the same graph f o r  comparison  
purposes.  F i gur e  29.
The f o l l o w i n g  conc l us i ons  can be drawn from t h i s  
comparison:
1. The dynamic model w i t h  v a r i a b l e  back-mix ing  c o e f f i c i e n t s  
in both phases f o l l o w e d  by the  one w i th  v a r i a b l e  back-  
mixing in  s o l ve n t  phase o n l y  and then the  one w i t h  con­
s t a n t  back -mi x i ng  c o e f f i c i e n t s  in both phases have the  
lowest  e x i t  r a f f i n a t e  c o n c e n t r a t i o n  f o r  t he  same i n p u t  
c o n d i t i o n s .
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2. The shape o f  the t i me - r esp o n s e  curve f o r  any t i m e - i n v a r i ­
ant  model d i s t u r b e d  by a s tep change in the i n l e t  feed  
phase c o n c e n t r a t i o n  i s  e i t h e r  e x p o n e n t i a l ,  e xp o n en t ia l  
wi t h  pure t i m e - d e l a y ,  or  o s c i l l a t o r y .
a.  E x p o n e n t i a l :  For a process model wi th a smal l  number
o f  e q u i l i b r i u m  s t a g e s ,  the  f i r s t  stage response is  
almost  e x p o n e n t i a l .
b.  Exponent ia l  w i t h  P ro ce s s - De l a y :  For any e q u i l i b r i u m
stage except  the  f i r s t ,  the v a l u e  o f  the pr ocess -
d e l ay  i n c r e a se s  as the  number o f  stages i n c r e a s e s .
For case ( a ) ,  i t  has been shown t h a t  the l a s t  
e q u i l i b r i u m  stage has t he  maximum value of  t i m e -  
d e l a y .
c.  O s c i l l a t o r y :  For a process w i t h  a l a r g e  number of
e q u i l i b r i u m  s t a g e s ,  the  f i r s t  stage shows an o s c i l ­
l a t o r y  na t ur e  o f  response in the  f i r s t  pe r iod  o f  
t i m e .  This o s c i l l a t i o n  is  damped down in the  stages  
a f t e r  the  f i r s t  s t a g e ,  then an exponent ia l  w i t h  t i me -  
de l ay  response curve r e s u l t s  f o r  h igher  stages number.
This  o s c i l l a t i o n  i s  caused main ly  by the  smal l  
t ime const ant s  in the  c o e f f i c i e n t  m a t r i x . a n d  due to 
t h i s  an o v er l a p  o f  the response curves f o r  two suc­
cess i ve  stages may r e s u l t .  This  is not  c o n s i s t e n t  
wi t h  the  p r a c t i c a l  e x p e c t a t i o n  from a t i m e - i n v a r i a n t  
process w i t h  l i n e a r  c h a r a c t e r i s t i c s .
3. The process t i m e - d e l a y  appear i ng  i n  the dynamic response  
curves i s  very  d i f f i c u l t  to  p r e d i c t  i t s  va lue  a l t hough
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a phys i ca l  e x p l a n a t i o n  f o r  i t s  e x i s t e n c e  is  p o s s i b l e .
The on l y  way to e va l ua t e  i t  q u a n t i t a t i v e l y  i s  to  
solve the  dynamic equat i ons  n u m e r i c a l l y  f o r  the g iven  
c o n d i t i o n s  o f  o p e r a t i o n .
4.  E f f e c t  o f  backmixing on the  dynamic response of  a r o ­
t a t i n g  d i s c  c o n t a c t o r :
a.  For c o ns t a n t  backmixing c o e f f i c i e n t s  along the column 
a x i s ,  t he  dynamic response has been eva l ua t ed  q u a n t i ­
t a t i v e l y  by s o l v i n g  the  model e qua t i ons  f o r  var i ous  
values  o f  the backmixing c o e f f i c i e n t s .
The c a l c u l a t e d  values o f  backmixing c o e f f i c i e n t s
f o r  the  s o l v e n t  and feed phases (E and E.  )
c a l c  c a l c
have been obta i ned from the f o l l o w i n g  equat i on :
where K i s  a const ant  wi th  the v a l u e  2 ,  4 ,  or  6 ,  and 
the E^'s have been obta ined from Equat ion ( 1 1 - 2 0 ) ,  
Chapter  I I .
T y p i c a l  numer ical  values o b t a i ne d  f o r  the given  
c o n d i t i o n s  o f  ope r a t io n  by us ing t h i s  equat ion a r e :
Eg = 1.1 gm/cm and E^ = 0 . 0 7 5  gm/cm
where s u b s c r i p t s  s and f  stand f o r  s o l ven t  and feed  
r e s p e c t i v e l y .
F i gures  3 0 - a ,  b , c ,  and d show t he  dynamic responses  
o f  a f i v e  s tage  e x t r a c t i o n  u n i t  f o r  a s t ep  change (= -2%)  
i n  the i n l e t  f eed  c o n c e n t r a t i o n ,  and d i f f e r e n t  values f o r  
the backmixing c o e f f i c i e n t s .
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From t he s e  f i g u r e s ,  one would f i n d  t h a t  a l i m i t e d  
change in the backmix ing c o e f f i c i e n t  would not  make a no­
t i c e a b l e  change i n  the system dynamics.
The second p o i n t  to  be n o t i ced  i s  t he  very  smal l  
e f f e c t  of  the f eed  phase backmixing c o e f f i c i e n t  (E^)  on the
system response,  even when E-  i s  s ix  t i mes  i t s  e s t ima t e d
^calc
v a l u e .
This could be e x p l a i n e d  as f o l l o w s :  Backmixing
r e s u l t s  in an a b r up t  change of  c o n c e n t r a t i o n  i n  each phase 
a t  i t s  ent rance  l e v e l .  T h e r e f o r e ,  the s o l v e n t  phase con­
c e n t r a t i o n  w i l l  i n c r ea se  a t  the top s e c t i o n  (where i t  e n t e r s )  
w h i l e  the feed phase has a smal l  s o l u t e  c o n t e n t .  Thus,  the  
c o n c e n t r a t i o n  d r i v i n g  f o r c e  w i l l  be s m a l l .
At  the bottom end where the  feed phase e n t e r s ,  the  
f eed phase s o l u t e  co n t e n t  w i l l  i n c r e a s e ,  t h e r e f o r e ,  an i n ­
crease in the m a s s - t r a n s f e r  r a t e  w i l l  r e s u l t .
This e x p l a n a t i o n  a f f i r m s  the  f o l l o w i n g  two p o i n t s :
1. A g r e a t  p a r t  o f  mass t r a n s f e r  occurs in the f i r s t  
s e c t i o n  o f  the column,  measured f rom the  feed phase 
i n l e t  p o i n t .
2. The backmixing phenomenon causes an u n d e s i r e a b l e  
d e f i c i e n c y  i n  m a s s - t r a n s f e r  o p e r a t i o n  i n  both the  
s t e ad y -  and t r a n s i e n t - s t a t e s .
b. For v a r i a b l e  backmixing t hroughout  the  column,  l i t t l e  has 
been done t o  s tudy the r a t e  o f  change in backmixing  
along the  column a x i s  i n  the  t r a n s i e n t  p e r i o d , f i r s t l y
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because o f  t he  d i f f i c u l t i e s  in computat ions i n v o l v e d ,  
and s ec on d l y ,  t he  l ack  o f  expe r i ment a l  t echn i ques  to 
measure c o n t i n u o u s l y  t he  c o e f f i c i e n t s  o f  backmix ing.  
E f f e c t  o f  S h a f t  Speed
The t ime v a r y i n g  a l g o r i t h m  was used f u r t h e r  t o  study  
the e f f e c t  o f  t he  s h a f t  speed on the dynamic response  
of  the p rocess .  The model was t e s t e d  f o r  s tep changes,  
of  va r io u s  de gr ee s ,  in the s h a f t  speed.
From the  dynamic response curves o b t a i n e d ,  i t  has 
been found t h a t  the e f f e c t  o f  smal l  changes i n  t he  s h a f t  
speed (±50  rpm) have n e g l i g i b l e  e f f e c t  on t he  q u a l i t y  
of  the o u t p u t .  This  i s  the  case i f  t he  process i s  op­
e r a t i n g  f a r  from the f l o o d i n g  r e g i o n .  For l a r g e r  step  
s i z e s ,  t h e  e f f e c t  was s t i l l  s m a l l ,  but  t h e r e  i s  a pos­
s i b i l i t y  o f  change in the  NTU's f o r  t h e  column.  T h e r e ­
f o r e ,  t he  apparent  smal l  e f f e c t  o f  a l a r g e  change in the  
shaf t  speed on the r a f f i n a t e  c o n c e n t r a t i o n  ob t a i ne d  from 
the model i s  p o s s i b l y  m i s l e a d i n g .  I t  is recommended to 
c a l l  f r e q u e n t l y  the s t e a d y - s t a t e  model s u b r o u t i n e  (NORD) 
to check f o r  any s i g n i f i c a n t  change i n  the dynamic model  
order  f o r  any l a r g e  change in the  s h a f t  speed.
Th i s  p o s s i b l e  change in the o r de r  o f  t he  t i m e - v a r y i n g  
model due to  l a r ge  change in  f eed - phase  f l o w r a t e  or s h a f t  
speed would make m o d e l - f o l l o w i n g  opt i ma l  c o n t r o l  f a r  
more d i f f i c u l t .
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6.  Stagewise  S t e a d y - S t a t e  Model
The main idea i n  s o l v i n g  t h i s  s tagewise  model is  
using the  s t a t e  space dynamic model s t r u c t u r e  and reduc­
ing i t  to  cons i der  the i n i t i a l  s t e a d y - s t a t e  c o n d i t i o n  
be f or e  i n t r o d u c i n g  any d i s t u r b a n c e s .  The r a t e  o f  change
in c o n c e n t r a t i o n  w i th  r e sp e c t  t o  t ime i s  equal  to  z e r o ,
t h i s  can be e xp l a i ne d  m a t h e m a t i c a l l y  as f o l l o w s :
R e w r i t e  the dynamic model v e c t o r - m a t r i x  e q u a t i o n ,
x ( t )  = [A]  x ( t )  + [B]  u ( t )  ( V - 35 )
Equat ing x ( t )  to zero  r e s u l t s  in
0 = [A]  x ( t )  + [B]  u ( t )
R e a r r a ng i n g ,  we o b t a i n ,
x ( t )  = - [ A ] " ^ [ B ]  u_(t) ( V - 3 6 )
S o l v i n g  Equat ion ( V - 3 5 )  f o r  x^(t) as in Equat ion  
( V - 3 6 )  i nv o l v e s  i n v e r t i n g  m a t r i x  [ A ] ,  m a t r i x  by m a t r i x  
m u l t i p l i c a t i o n  and m a t r i x  by v e c t o r  m u l t i p l i c a t i o n .
A f l o w  c har t  f o r  the computer  program main c a l c u l a ­
t i o n  steps is  shown in F i gu r e  31.
Comparison o f  S t e a d y - S t a t e  Stagewise and D i f f e r e n t i a l  Models 
Miyauchi  and V e r m e u l e n ^ ) have r e l a t e d  t he  d i f ­
f e r e n t i a l  model to the s t agewi se  model ,  f o r  a m a s s - t r a n s f e r  
l i q u i d - l i q u i d  e x t r a c t i o n  process by c o n v e r t i n g  t he  d i f f e r e n ­
t i a l s  to the  e q u i v a l e n t  f i n i t e  d i f f e r e n c e  e q u a t i o n s ,  which 
a r e  shown as f o l l o w s :
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dx .  < V l  • * n - l ) "
dz ■ 2
dy _ '  '^n-1
dz " 2
f j f =  -  2x„ *  x„.,)
( V - 3 7 )
and
N ^ ( y „ t ,  -  2y„ + y „ . , )
S u b s t i t u t i o n  o f  these e q u i v a l e n t s  i n  the  d i f f e r e n ­
t i a l  equat i on  ( Ch apt er  I I I )  and comparison o f  the r e s u l t i n g  
f i n i t e - d i f f e r e n c e  equat ion w i t h  t h a t  given f o r  the  stagewise  
model ,  shows t he  f o l l o w i n g :
f  I n '  pT
X y
Equat i on  ( V - 3 7 )  gave approx i mate  r e l a t i o n s h i p s ,  
the accuracy o f  which inc reases  as the t o t a l  number o f  stages  
(N) i n c re a s e s .  When N goes to i n f i n i t y ,  the  r e l a t i o n s h i p s  
become more e x a c t  and the  two models w i l l  be e x a c t l y  s i m i l a r .  
I f  f  and s go t o  i n f i n i t y ,  f / N  and s/N remain f i n i t e ,  t hen;
i ï  '  p T  I  °  p TX y
Numerical  Comparison
W i l b u r n ' s  d i f f e r e n t i a l  model w i t h  end e f f e c t s  was 
solved c o - c u r r e n t l y  i n  the s t e a d y - s t a t e  s t agewi se  model wi th  
seven concepts o f  f l o w .  The r a f f i n a t e  c o n c e n t r a t i o n  f o r
148
these models,  f o r  the same c on d i t i o n s  o f  o p e r a t i o n ,  a r e  sum­
mar ized in Tabl e  7.
From t h i s  t a b l e ,  one can r e a l i z e  t h a t  the s t agewi se  
models w i t h  const ant  or  v a r i a b l e  a x i a l  mix ing c o e f f i c i e n t s  
in the s o l v e n t  phase on l y  are t he  c l o s e s t  t o  the d i f f e r e n ­
t i a l  model .
Exper imental  V a l i d a t i o n  o f  t he  Dynamic Model
A schemat ic  d iagram o f  t h e  process and the  var i ous  
manual and au t omat i c  i n s t r umen t s  mounted on i t  i s  g iven in 
F i gure  3 ,  Chapter  I I .  The cont inuous sensors and a c t u a t o r s  
were c a l i b r a t e d  o f f - l i n e  and t he  smoothed curves were used 
f o r  o n - l i n e  measurements.  A l s o ,  an u p - d a t i n g  o n - l i n e  p r o ­
cedure was used to check on t h e  v a l i d i t y  o f  the c a l i b r a t i o n  
curves and modi fy  them i f  necessary .
The i ns t r ume n t s  can be c a t e g o r i z e d  i n t o  two main 
groups: ( a )  c o n c e n t r a t i o n  p r ob e s ,  e . g . ,  c o n d u c t i v i t y ,  r e -
f r a c t o m e t e r ,  s p e c i f i c  g r a v i t y ,  and (b)  a c t u a t o r s  o r  f l o w  
measur ing d e v i c e s ,  e . g . ,  mo t o r i z ed  v a l v e s ,  h o t - w i r e  anemom­
e t e r ,  s h a f t - s p e e d  tachomet er  and o r i f i c e  meter .
I n t e r f a c e
This  i s  compr ised of  
( i )  an a n a l o g u e - t o - d i g i t a l  c o n v e r t e r  (ADC)
( i i )  a d i g i t a l - t o - a n a l o g u e  c o n v e r t e r  (DAC)
( i i i )  an analogue s e l e c t i o n  u n i t  (ASU)
( i v )  ou tput  r e l a y s  
( v )  s ta tu s  l i g h t s  and a larms
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Computer
A F e r r a n t i  " S i r i u s "  computer w i t h  a s t orage  capa­
c i t y  o f  7K words each o f  10 decimal  d i g i t s  and a memory 
c yc l e  t i me o f  0 . 2 4  msec was employed.  I t  has two tape readers  
and a " f l e x o w r i t e r "  f o r  p r i n t i n g  out  as p e r i p h e r a l s .
Sof tware
Programs necessary  f o r  o n - l i n e  s u p e r v i s o r y  c o n t r o l ,  
data logg i ng  and f i r s t - l e v e l  con t r o l  can be c l a s s i f i e d  as
1. F i r s t - l e v e l  programs which i n c l u d e  commands to read the  
d i g i t a l  c l o c k ,  t o  s e l e c t  and read analogue i n p u t s ,  to  
c o n t r o l  the  p o s i t i o n  o f  motor i zed  v a l v e s  through i n t e r ­
f ace  r e l a y s ,  to  read an auto/manual  d i g i t a l  handset  f o r  
t i m i n g  the  s t a r t - u p  or  i n t e r r u p t i n g  o n - l i n e  o p e ra t i o n  
by the  o p e r a t o r ,  to  zero  index a l l  v a r i a b l e s  be f ore  
s t a r t - u p  and t o  i n i t i a l i z e  v a l v e s  and r o t a t i n g  s h a f t .
2.  S ec on d - le v e l  programs which i n c l ud e  f i r s t  l e v e l - c o n t r o l  
a l g o r i t h m s  f o r  i n i t i a l i z i n g  the  p r oc es s ,  va l ve  a c t u a t i o n  
and c o n t r o l ,  i n t e r f a c e  l e v e l  c o n t r o l ,  and an e x e c u t i v e  
r o u t i n e  to d e f i n e  p r i o r i t i e s  o f  scanning and processing  
d i f f e r e n t  p a r t s  o f  the  h e i r a r c h y .
3. T h i r d - l e v e l  programs f o r  data  l o g g i n g ,  a c q u i s i t i o n  and 
smoothing.
Procedure
Due to the  l a r g e  s t or age  r e qu i re me nt s  f o r  the dynamic 
model a l g o r i t h m  i t  was i mpossib le  to  c a r r y  out  the v a l i d a ­
t i o n  o n - l i n e .  T h e r e f o r e ,  a set  o f  runs in  which the system
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was oper a t ing  i n  the dynamic ( t r a n s i e n t )  range i s  used to  
v a l i d a t e  the model o f f - l i n e .
The procedure  adopted to  o b t a i n  t h i s  type o f  dynamic  
response data i s  s impl y  o p e r a t i n g  the  process o n - l i n e  w i t h  
a s uper v i sor y  c o n t r o l  program to  t ake  the  necessary  data  
f o r  the dynamic response comparison.
Resul ts
The t i m e - v a r y i n g  a l g o r i t h m  w i t h  seven d i f f e r e n t  
f l o w  c ond i t i ons  was used f o r  the  comparison purposes because  
o f  i t s  c a p a b i l i t y  o f  h a n d l i n g  d i s t u r b a nc e s  in f l o w r a t e s  as 
w e l l  as in c o n c e n t r a t i o n s .
The e xp e r i me n t a l  feed and s o l v e n t  phase i n l e t  f l o w ­
r a t e s  and c o n c e n t r a t i o n s  were fed i n  w i t h  the dynamic model  
program and used as i n p u t  to the a l g o r i t h m .  The e x p e r i me n t a l  
r a f f i n a t e  o u t l e t  c o n c e n t r a t i o n  was compared wi t h  the  e x i t  
feed c o nc e nt r a t i o n  as c a l c u l a t e d  from the seven f l o w  c o n d i ­
t i o n s .  I t  was found t h a t ,  due to the  smal l  s i z e  o f  the  
column and low l e v e l  o f  o p e r a t i o n ,  t he  number o f  t r a n s f e r  
u n i t s  ( i . e . ,  t he  o r de r  o f  the  dynamic model )  i s  ve r y  s m a l l .  
This  low dynamic model o r de r  turned  out  to be a t oo  s e n s i ­
t i v e  es t i ma t e  t o  r e l y  on in comparing the model w i t h  the  
process.
The s t e a d y - s t a t e  p l u g - f l o w  number o f  t r a n s f e r  u n i t s  
(NTUp) c a l c u l a t e d  f o r  t h e  given l e v e l  o f  o p e r a t i o n  i s  1 . 2 4 7 .  
The s t e a d y - s t a t e  a x i a l  mi x i ng  f l ow  number o f  t r a n s f e r  u n i t s  
(NTU^) r e q u i r e d  to a ch i e v e  the same l e v e l  o f  e x t r a c t i o n
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c a p a b i l i t y ,  c a l c u l a t e d  by i n t e g r a t i o n  o f  the c o n c e n t r a t i o n  
p r o f i l e s  as d e sc r i b e d  in Chapter  I I I ,  i s  equal  to  2 . 0 6 5 .
Two procedures were taken to compare t he  dynamic model  
responses w i t h  t he  exp e r imen t a l  measurements:
1. By s o l v i n g  the  dynamic model f o r  two t h e o r e t i c a l  stages
and l i n e a r  i n t e r p o l a t i o n  f o r  the  dynamic r esponse ,  be­
tween e x i t  o f  s tages one and two,  to g ive  the  e q u i v a l e n t
dynamic response f o r  1 . 247  s tages .  Tab l e  8 (Case 1)
shows a comparison between the measured and c a l c u l a t e d  
dynamic response .  A l s o ,  Table  9 (Case 1) shows a com­
pa r is o n  between the  r o o t  mean square e r r o r  f o r  the seven 
f l ow c o n d i t i o n s .
2.  By s o l v i n g  the  dynamic model f o r  two t h e o r e t i c a l  s tages
and comparing t he  e x i t  r a f f i n a t e  c o n c e n t r a t i o n  f o r  each
c o n d i t i o n  of  f l o w  w i t h  the measured.  S i m i l a r  t a b u l a t e d  
r e s u l t s  are  shown in Tabl es  8 and 9 (Case 2 ) .
The f i r s t  s e t  of  r e s u l t s  shows t h a t  p l u g - f l o w  con­
d i t i o n  (No.  1)  comes f i r s t ,  f o l lo w ed  by v a r i a b l e  a x i a l  mi x ­
ing in f eed  phase o n l y  (No.  6 ) ,  and t h i r d l y  the c o n s t an t  
a x i a l  mix ing in  f eed  phase only  c o n d i t i o n  (No.  3 ) .
The second s e t  o f  r e s u l t s  shows t h a t ,  a l t hough  the  
ro o t  mean square e r r o r  (RMS) i s  r e l a t i v e l y  h i gher  than t h a t  
f o r  thre prev i ous  c as e ,  t he  v a r i a b l e  a x i a l  mix ing i n  both 
phases and in s o l v e n t  phase on l y  are  t h e  most r e p r e s e n t a t i v e  
o f  the process .
The l a s t  f i n d i n g  conf i rms the i m p l i c i t  v a l i d a t i o n  
which was c a r r i e d  out  between the s t e a d y - s t a t e  model w i th
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const ant  a x i a l  mi x i ng  and ends e f f e c t  (STSM # 4 ) ,  and the  
seven f l ow c o n d i t i o n  s t agewise  model as solved f o r  an i n i ­
t i a l  unforced s t a t e .
This sudden swing from one f l ow  regime to a n o t h e r ,  
due to d i f f e r e n c e  i n  es t ima t e d  o r d e r ,  should become less  
severe as t he  o r d e r  o f  the  model becomes h i gh e r .  For f u l l -  
s ca l e  i n d u s t r i a l  columns the  number o f  t r a n s f e r  u n i t s  be­
comes l a r g e r  ( i n  t h e  o r de r  o f  10-30  s t a g e s ) ,  and a f r a c t i o n  
o f  a s tage would not  show t h a t  l a r ge  a d i f f e r e n c e  on the  
dynamic response p r e d i c t i o n s .  T h e r e f o r e ,  t h i s  problem is  
p a r t i c u l a r  t o  very  smal l  s ca l e  columns opera t ed  a t  low 
l e v e l .
F i n a l l y ,  one should not  put  a 100% conf i de n ce  in  
cont inuous i ns t r ume n t s  measurements due to  many problems  
a ss o c i a t e d  w i t h  them such as d r i f t ,  sensor  f o u l i n g - u p  or  
i n t e r a c t i o n .  As a r e s u l t ,  one would expect  the process dy ­
namics to be r ep r es e n t e d  by d i f f e r e n t  f l o w  c o n d i t i o n s  f o r  
d i f f e r e n t  l e v e l s  o f  o p e r a t i o n  and d i s t u r b a n c e  magni tude.  
Hence,  the  dynamic model w i t h  seven f l ow  c on d i t i o n s  a l g o r i t h m  
w i l l  be a us e f u l  r e f e r e n c e  s t r u c t u r e  to guide and c o n t r o l  
the process in the  t r a n s i e n t  per iod  over  a wide range o f  
d i s t u r b a n c e s .
Conclusions
1. The dynamic model a l g o r i t h m  w i t h  seven p o s s i b l e  f l ow  
regimes would prove f l e x i b l e  to accommodate a wide  
range o f  o p e r a t i o n  f o r  the column.  The v e r s i o n  w i t h
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minimum e r r o r  d e v i a t i o n  w i t h  the  process is used d i ­
r e c t l y  f o r  m o d e l - r e f e r e n c e  cont r o l  a n d / o r  dynamic op­
t i m i z a t i o n .  T h i s  would save computer s t o r a g e  and r u n ­
ning t ime necessary  f o r  o n - l i n e  u p - d a t i n g  o f  the  model  
parameters  by n o n l i n e a r  r e gr es s i on  t e c h n i q u e s .
2.  The use o f  s t a t e - s p a c e  f o r m u l a t i o n  and s o l u t i o n  would  
make the  a l g o r i t h m  very  r e l i a b l e  f o r  opt i mal  c o n t r o l  
and dynamic s t a b i l i t y  s t u d i e s .
3.  From t he  s t e a d y - s t a t e  s tagewise  vs.  d i f f e r e n t i a l  models 
compar ison,  i t  became e v i d e n t  t h a t  the  dynamic model  
w i t h  e i t h e r  c o n s t a n t  or  v a r i a b l e  a x i a l  mix ing  in  t he  
s o l v e n t  phase o n l y  would be the  most l i k e l y  c l o se  f l o w  
c o n d i t i o n  v e r s i o n  o f  the  model to r e p r e s e n t  the  a c t u a l  
per formance o f  t he  process in t he  t r a n s i e n t  s t a g e .
4.  Exper i ment a l  s t u d i e s  f u r t h e r  c o n f i rm  t h a t  t h e  dynamic 
model w i t h  v a r i a b l e  a x i a l  mix ing in  s o l v e n t  phase on l y  




SUMMARY OF LITERATURE ON THE DYNAMIC BEHAVIOR OF EXTRACTION PROCESSES
2. D iffe re n tia l Contact 
a. TheoreticalTheoretical
1947 Marshall and Pigford




1963 Biery and Royland
1966 Hartland and Mechlenburgh
1967 Kafarov, Vygon, and Gordeev
1968 Lees
1969 Pol lock and Johnston
















1967 Burns and Hanson Mixei—S e ttle r
1969 Pollock and Johnston Mechanically Agitated




1947 Marshall and Pigford
1954 Jaswon and Smith
1961 Gray
1966 Chernyshev























Spray and Packed 
P acked
TABLE 6
TIHE-INVARIAMT OlNAMIC MODEL HWBCRICAL RESULTS
C h a ra c te r is t ic  
Flew C crvJ ltlon  
A . P lug  Flew
B. C onstant Back* 




C onstant Back* 
M ix in g  ir .  Feed 
Phase O nly
C onstan t Back* 
V ix ir g  fn  S o lve n t 
Phase O nly
V a r ia b le  Back* 
K l * i " 9  in  Both 
Phases
V a r ia b le  Back* 
M ix in g  In  Feed 
Phase O nly
V a r ia b le  Back* 
M ix in g  in  S o lve n t 
Phase O nly
A - K a tr ix 6 M a tr ix
x ^ - In 1 t1 a l
S ta te
(S ia te "V e c to r )  
a t  t im e  Time D e lay
•0 .82866 0.26772 0 .0 0 .0 0 .0 0.56094 0 .0
V a r ia b le  V e c to r 
0.09869 0.47025 0.12286
f-M a tr1 x  
0.01624 0.00144 0.00010
a -K a t r Ix  
0.38911 0.00001
•  30 « In  
0 .11637
« In s  
Stage i 0 .00.56094 *0.82866 0.26772 0 .0 0 .0 0 .0 0 .0 0.09595 0.25742 0.50428 0.12507 0.01644 0.00144 0.09443 0.00011 0.11500 ® 2 0 .0
0 .0 0.56094 *0.82666 0.26772 0 .0 0 .0 0 .0 0.09019 0.07131 0.26373 0.50470 0.12587 0.01624 0.01635 0.00178 0.10201 3 1.00
0 .0 0 .0 0.56094 *0.82866 0.26772 0 .0 0 .0 0.07814 O.U1323 0.07219 0.26373 0.50428 0.12286 0.002190 0.02151 0.09349 4 1 .50 .0 0 .0 0 .0 0.56094 *0.82866 0 .0 0.26772 *0.05290 0.00187 0.01323 0.07131 0.25742 0.47025 0.00024 0.18571 0.06324 5 2 .0
•1.S1105 0.60392 0 .0 0 .0 0 .0 0 .9 0 a i4 0 .0 0.09497 0.28710 0.16073 0.04685 0.00926 0.00136 0.49449 0.00021 0.11396 1 0 .00.90214 -1 .5 1105 0.60892 0 .0 0 .0 0 .0 0 .0 0.08752 0.23813 0.35651 0.17444 0.04886 0.00926 0 .1 /091 0.00189 0.10501 2 0 .00 .0 0.90214 -1 .51105 0.60892 0 .0 0 .0 0 .0 0.07648 0.10283 0.25848 0.35949 0.17444 0.04685 0.34431 0 .0 )3 6 3 0.09175 3 0.25
0 .0 0 .0 0.93214 *1.51105 0.60892 0 .0 0 .0 0.06013 0.03010 0.10725 0.25845 0.35651 0.16073 0.00910 0.07786 0.07213 4 2 .0
0 .0 0 .0 0 .0 0.90214 -1 .51105 0 .0 0.60892 0.03590 0.00655 0.03010 0.10283 0.23813 0.28710 0.00152 0.33377 0.C4336 5 2 .5
-0 .92335 0.31781 0 .0 0 .0 0 .0 0.61103 0 .0 0.09814 0.43462 0.13387 0.02094 0.00220 0.00017 0.40819 0.00031* 0.11772 1 0 .0
0.61103 *0.92835 0.31781 0 .0 0 .0 0 .0 0 .0 0.09455 0.25737 0.47438 0.13809 0.02127 0.00220 0.10599 0.03321 0.11336 2 9 .00 .0 0.61103 -0 .92885 0.31781 0 .0 0 .0 0 .0 0.08766 0.07739 0.26549 0.47551 0.13809 0.02094 0.01979 0.00279 0.10503 3 0 .5
0 .0 0 .0 0.61103 •0.92885 0.31761 0 .0 0 .0 0.07442 0.01561 0.07862 0.26549 0.47488 0.13387 0.03287 0.02867 0.08910 4 1 .5
0 .0 0 .0 0 .0 0 .6 1 )0 3 -0 .92885 0 .0 0.31781 0.04896 0.00235 0.01561 0.07739 0.25737 0.43462 0.00034 0.21231 0.05859 5 1 .0
*1.41087 0.55382 0 .0 0 .0 0 .0 0.85204 o.n 0.09546 0.30630 0.15928 0.04284 0.00780 0.00106 0.48208 0.00015 0.11454 1 0 .0
0.85204 *1.41037 0.55882 0 .0 0 .0 0 .0 0 .0 0.08854 0.24285 0.37212 0.17117 0.04445 0.00780 0.16017 0.00143 0.10623 2 0 .0
0 .0 0.S520A -1.41087 0.55882 0 .0 0 .0 0 .0 0.07800 0.09960 0.26098 0.37458 0.17117 0.04284 0.03965 0.01119 0.09356 3 0.25
0 .0 0 .0 0.8S2C4 -1.41037 0.55882 0 .0 0 .0 0.06191 0.02763 0.10334 0.26398 0.37212 0.15928 0.00123 0.31618 0.07426 4 0 .5
0 .0 0 .0 0 .0 0.85204 -1.41087 0 .0 0.55862 0.03739 0.00571 0.02763 0.09960 0.24285 0.3C6G0 0.00123 0 .3 )6 1 6 0.04484 5 1 .0
-0 .98032 0.34355 0 .0 0 .0 0 .0 0.63677 0 .0 0.09605 1.42247 0.12766 0.02568 0.00443 0.00069 0.41889 0.00015 0.11526 1 0 .0
0.75052 *1.20782 0.45730 0 .0 0 .0 0 .0 0 .0 0.08874 0.27894 0.40395 0.14633 0.03644 0.00729 0.12485 0.00220 0.10647 2 0.1
0 .0 0.85322 -1 .47322 C .59000 0 .0 0 .0 0 .0 0.07673 0.10037 0.28262 0.35857 0.15642 0.04376 0.03069 0.01958 0.09205 3 0 .2
0 .0 0 .0 1.02540 •1.75759 0.73218 0 .0 0 .0 0.05875 3.03247 0.12231 0.27185 0.31558 0.14031 0.00569 0.11079 0.07048 4 0 .5
0 .0 0 .0 0 .0 1.17232 -2 .05143 0 .0 0.8791 0.03357 0.00807 0.02920 0.12176 0.22466 0.19799 0.00132 0.40700 0.04028 5 1.25
*0.85093 0.27665 0 .0 0 .0 0 .0 0.62561 0 .0 0.09638 1.46268 0.12391 0.01776 0.00182 0.00015 0.39366 0.00031 0.11784 1 0 .0
0.58377 *0.88432 0.29555 0 .0 0 .0 0 .0 0 .0 0.08956 0.26162 C .48659 0.13082 0.01967 0.00210 0.09897 0.03025 0.11345 2 0 .0
0 .0 0.60825 •0.92328 0.31503 0 .0 0 .0 0 .0 0.07809 3.07719 C .26922 0.47583 0.13508 0.02118 0.01829 0.00320 0.10474 3 0 .25
0 .0 0 .0 0.62912 -0.96502 0.33590 0 .0 0  0 0.06041 3.01576 0.03084 0.26976 0.46370 0.13426 0.00270 0.03297 0.02902 4 0 .7 5
0 .0 0 .0 0 .0 0.65069 •1.00616 0 .0 C .78936 0.03494 1.00248 0.01676 0.08193 0.26009 0.40679 0.00033 0.23162 0.05679 5 3 .5
•0 .95806 0.33242 0 .0 0 .0 0 .0 0.62564 0 .0 0.09638 0.42696 0 .1 2 /2 8 0.02443 0.00394 0.00057 0.41470 0.00011 0.11564 1 0 .0
0.72269 -1.15215 0.42947 0 .0 0 .0 0 .0 0 .0 0.08956 0.27671 0.41609 0.14488 0.03387 0.00631 0.12046 0.00167 0.10745 2 0 .0
0 .0 0.83591 -1.37E61 0.54269 0 .0 0 .0 0 .0 0.07809 0.10339 0.28199 0.37408 0.15536 0.04083 0.02843 0.01591 0.09368 3 0.1
0 .0 0 .0 0.95722 -1 .62123 0.66400 0 .0 0 .0 0.06041 0.02943 n . 11629 0.27403 0.33391 0.14324 0.00588 0.09723 0.07247 4 1.0




COMPARISON BETWEEN WILBURN'S DIFFUSIONAL MODEL 
AND SEVEN DIFFERENT STAGEWISE MODELS
Type o f  Model and Cond i t i ons  o f  Flow
R a f f i  nate  
Cone.
f X o u t ’
W i l b u r n ' s  D i f f e r e n t i a l  Model w i t h  Constant  
Back-mix ing  i n  Both Phases 0 . 0478947
Stagewise  Model  
1,  P I u g - f l o w 0 .05290
2. Constant  back-mix ing i n both phases 0 . 0359
3. Constant  back-mix ing  
o nl y
i n s o l v e n t  phase
0 .04896
4. Constant  back -mi x i ng i n feed phase onl y 0 . 03739
5. V a r i a b l e  back-mix ing i n both phases 0 .03359
6. V a r i a b l e  back-mix ing  
onl y
i n s o l v e n t  phase
0 .04744
7. V a r i a b l e  back -mi x i ng i n f eed phase only 0 .03 49 4
TABLE 8. EXPERIMENTAL VALIDATION OF THE DYNAMIC MODEL 
WITH SEVEN FLOW CONDITIONS
I n le t  feed phase cone, ( x ,  ) •  12.48 w t *
I n le t  feed  phase f lo w ra te  (G) = 52.967 gm/m*”  
I n le t  s o lv e n t phase cone, (y ,  ) « 0 .0  w t *  
S h a ft speed (R ^) •  0 .0  rpm
T in e
E xperim enta l
S o lve n t R a f f in a te
Cone.
R a ff in a te  C o n ce n tra tio n  C a lcu la te d  from  th e  Dynamic Model
Case 1 NTUn 1.247 Case 2 NTU,M 2.0
Flow C o n d itio n  Number Flow C o n d itio n  Number
(m ln s .) Cone. 
(Wt %)
F lo w ra te






























































































































































































































































TABLE 9. COMPARISON BETWEEN DIFFERENT FLOW 










P I u g - F l o w
Constant Axial Mixing
a. in Both Phases
b. in Feed Phase Only
c. in Solvent Phase Only 
Variable Axial Mixing
a. in Both Phases
b. in Feed Phase Only
c. in Solvent Phase Only
Root Mean Square Error 
(rms)










* in  primed-number columns (1 ' and 2 ' ) ,  the la s t experimental point was excluded from the rms 
calculation.
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n  + r)GX|^_, (1 + r)Gx^
T g7^ STAGE
"K"
n  + e ) L y ^ Tl + e )L y ^ ^ /







f l  i T k #
I ; I I i l l
FIG. 24 STAGEWISE COUNTER-CURRENT 
EXTRACTION PROCESS-
A)Piston-Flow Model.






CALL CUB1,C CALL HOLDUP (EP.EPF)
TERM:(EP*EQ>'(1-EP))*VC
T
A (I.J  ) : 0.0
- i  i :  1 . N )
T
-Cj : 1 . M ')
B ( I , J )  :0 .0
CALCULATE [ A ]& [ 8 ]  
PARAMETERS ( AI1.8I1 





CIENTS. -----------------  1 I .
[ | : 1 ,  N )  I  -------   _ | _ C Z T
|A ( I ,  J )  : -  BIT
j:l»T
r ^ J > N - T>Î^
|A 1 I .J )  :  ciT










CAUCULATE THE VARIABLE 
BACKMIXING COEFFICIENTS.
|E f-0 .0
8(1.1) :A I1  
B (N ,M ):C I1
L0qp(2_)_
CALCULATE [A ] & [B] 




r  LOOP (2)












8(1 ,1 ):  AM
B IN , M):CT
RETURN
END






SET K K :1
CONTINUE












P P ( t ) * R '( t ) .L : L * 1
( CONT’D)
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(C O N O ) .
i  CONTINUE
YES
Xi.2 > 2 5
t ;  A t
END
PRINT t , x ( t )







Fig. 26 Main Program Details.
CALCULATING SYSTEM RESPONSE FOR:











[X„ ( t a
Subroutine Abmai 
[A] &[B]






(SOLVING THE DYNAMIC 
EQUATION FOR THE 
GIVEN INPUT).












FIG 28 GOV, PARI SON BETWEEN S-VEN 
•Î/PROVEO T IM E -INVARIANT
dyn'awic m o d e l s .
□ ynarric Response For a Step 
Change in The Feed Phase 










FIG 29 COMPARISON BETWEEN SEVEN 
IMPROVED TIME-VARYING 
DYNAMIC MODELS.
Oyramic Response For a Ramp 
Charge in The Feed Phase 





M O D ELE,
0.12
MODEL 00.06





Fig.;30Effect Of The Change In Backmixing 
Coefficients On The Dynamic Response. 
A Time-Invariant Model V'Hh Five 
Stages is Used
Dynamic Response For A Step Change 













RAFFINATE CONCENTRATION (WEIGHT FRACTION)
po
















































EVALUATING THE ROOTS 
OF A CUBIC EQUATION.
MATRIX X MATRIX 
MULTIPLICATION
MATRIX X VECTOR 
MULTIPLICATION














G EN E R A L O U T LIN E S  
STAGEW iSE M O D EL
FIG. 31
FOR A U N IQ U E STEADY-STATE 
FOR SE VE N  CONCEPTS OF FLOW.
CHAPTER VI
IMPLICATIONS OF THE STUDY FOR 
DESIGN AND CONTROL
In the  prev ious  chapt er s  o f  t h i s  d i s s e r t a t i o n  a 
sy s te ma t i c  development  o f  the major  p a r t s  of  the study were  
deve loped.  Kept i n  mind dur ing the  v ar i ou s  stages of  the  
work was the f a c t  t h a t  i t  i s i mposs i b l e  t o  account  f o r  a l l  
the  c h a r a c t e r i s t i c s  o f  the  process in a reasonabl e  a p r i o r i  
a n a l y t i c a l  form,  and i t  i s  o f  l i t t l e  v a l ue  to r e l y  f u l l y  
on an expe r i ment a l  approach w i t h o u t  hav ing a concre te  t h e ­
o r e t i c a l  unders t and ing o f  the process.  On a l l  var i ous  
l e v e l s  o f  the  study exp e r imen t a l  v a l i d a t i o n  of  t he  t h e o r e t i ­
cal  models proved f r u i t f u l .
In t h i s  c h a p t e r ,  use o f  the  s tudy  i s  demonst rated  
by p u t t i n g  the  g u i d e l i n e s  f o r  design and co n t r o l  o f  a l i q u i d -  
l i q u i d  r o t a t i n g  d isc  e x t r a c t i o n  column.
Design Procedure
Data Given:
L i qu i d  System P r o p e r t i e s  
E q u i l i b r i u m  R e l a t i o n s h i p  




C a l c u l a t e  column d i a me te r  and h e i g h t  assuming
t h a t  g e o met r i c a l  c o n f i g u r a t i o n  o f  the column i s  known, i . e .
H_ D D
— , —  and — . The l a t t e r  r a t i o s  can be e s t a b l i s h e d  from
Dr Ds Dc
p i l o t  s c a l e  exper i ment a l  data a f t e r  a l l o w i n g  f o r  s c a l i n g  up.
1. Column diameter
Step 1: C a l c u l a t e  " s l i p  or  c h a r a c t e r i s t i c  v e l o c i t y "  using
Equat ion ( 1 1 - 2 ) .
Step 2: Use holdup a l g o r i t h m  to c a l c u l a t e ,  using Equat ions
( I I - 3 )  and ( I I - 6 ) ,  the p e r m i s s i b l e  s u p e r f i c i a l
v e l o c i t y  r a t i o  R (= V j / V ^ ) ,  a f t e r  assuming o p e r a t i n g  
r a t e s  a t  safe  va lues  below f l o o d i n g .
Step 3: Use the c a l c u l a t e d  s u p e r f i c i a l  v e l o c i t y  r a t i o  R
and the des i r ed  column t h r oughput  (G + L) to c a l ­
c u l a t e  the i n d i v i d u a l  s u p e r f i c i a l  v e l o c i t i e s  and 
column d i a me t e r .
2.  Column h e i gh t
Step 1: C a l c u l a t e  P e c l e t  numbers or a x i a l  mixing c o e f f i ­
c i e n t s  from v a l i d  c o r r e l a t i o n s  [ e . g . ,  f o r  r o t a t i n g  
d i sc  c o n t a c t o r ,  ( 1 1 - 1 8 )  and ( 1 1 - 2 0 ) ] .
Step 2:  C a l c u l a t e  p l u g - f l o w  number o f  t r a n s f e r  un i ts  (NTUp)
t o  achi eve  a d e s i r a b l e  r e c o v e r y  o f  s o l u t e ,  g iven  
the i n l e t  feed c o n c e n t r a t i o n ,  using Equat ion ( I I 1 -18)
Step 3: Es t ima t e  the p o s s i b l e  o p e r a t i n g  range f o r  the e x ­
t r a c t i o n  f a c t o r  A (= mG/L) .
Step 4:  Use s t e a d y - s t a t e  model w i t h  a x i a l  mixing and ends
e f f e c t  a l g o r i t h m  (STSM #4)  to  c a l c u l a t e  the
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c o n c e n t r a t i o n  p r o f i l e  and measured number o f  t r a n s ­
f e r  u n i t s  ( NTU^) .
Step 5:  From assumed stage e f f i c i e n c y ,  based on p i l o t  sca l e
exp e r i me n t s ,  the  a c t ua l  number o f  s t a g e s ,  and hence,
the t o t a l  h e i g h t  o f  the column i s  c a l c u l a t e d .
Steady S t a t e  Opt imi i i  Opera t i on  
Data Given:
Column c o n f i g u r a t i o n  
L i q u i d  system phys i ca l  p r o p e r t i e s  
E q u i l i b r i u m  r e l a t i o n s h i p  
P e c l e t  numbers
P l u g - f l o w  number o f  t r a n s f e r  u n i t s
Process c o n s t r a i n t s .  Equat ions ( I V - 3 )  to ( I V - 7 )
Process l i m i t s .  Equat ions ( I V - 8 )  to  ( I V - 9 )
Requi red:
Optimum combinat ion o f  i n p u t  v a r i a b l e s  to g i ve  
a minimum h e i g h t  o f  t r a n s f e r  u n i t  (HTU^^, a minimum power 
i n p u t ,  and a maximum t h r ou g h p u t .  Equat ions ( I V - 1 9 )  and 
( I V - 2 0 ) .
Procedure :
Step 1: Use s t e a d y - s t a t e  o p t i m i z a t i o n  a l g o r i t h m  wi t h  o p t i ­
mum g r a d i e n t  search techni que  deve loped in  Chapter
I V ,  to  o p t i m i z e  the process per formance w i th  r es p e c t
to a v a l i d  s t e a d y - s t a t e  model .
Step 2:  I nc l ude  process c o n s t r a i n t s  w i t h  the  o b j e c t i v e
f u n c t i o n  to o b t a i n  unconst ra i ned one i n  a form s i m i ­
l a r  to the  one descr i bed  in Chapter  I V .
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Step 3:  Read in  given data and more than one i n i t i a l  s t a r t ­
ing guess.  This is necessary  t o  ensure t h a t  the  
e v a l u a t e d  optimum is  a g l oba l  r a t h e r  than l o c a l  in 
the  f e a s i b l e  range.
Opt imal  Cont ro l  and S t a b i l i t y  Studies
The dynamic model developed and v a l i d a t e d  e x p e r i ­
m e n t a l l y  in  Chapter  V is put  in  the  s t a t e - s p a c e  form and 
solved in t i me - domain .  This i s  very s u i t a b l e  f o r  opt imal  
c o nt r o l  and s t a b i l i t y  s t ud i es  in  r e a l - t i m e  systems.  A l so ,  
the dynamic response s t ud i es  c a r r i e d  out  i n  Chapter  V proved 
t h a t  the  problem a t  hand,  f o r  e i t h e r  t i m e - i n v a r i a n t  or  t ime-  
v a r y i n g ,  i s  l i n e a r  w i t h  v a r i a b l e  t i m e - d e l a y  and v a r i a b l e  
o r d e r .  This f a c i l i t a t e s  the process of  d e s i gn i ng  a s u i t a b l e  
opt i mal  c o n t r o l  technique to be used.
U s u a l l y  in opt imal  c o n t r o l ,  i t  i s  d e s i r e d  to f i n d  
the sequence o f  i nputs  U( K) ,  K = 0 ,  I , - * - ,  f o r  the  dynamic 
system of equat i ons  ( V - 2 3 ) ,  such t h a t  the  system i s  dr i ven  
towards a d e s i r e d  l e v e l  o f  o p e r a t io n  in an optimum f ash ion .  
I t  can be p r a c t i c a l l y  proposed t h a t  a f a s t  response w i t h  a 
minimum overshoot  i s  s a t i s f a c t o r y .  The overshoot  r e q u i r e ­
ments lead t o  s t a b i l i t y  c o n s i d e r a t i o n s .  T h e r e f o r e ,  i t  i s  
recommended t o  s a t i s f y  necessary c o n d i t i o n s  f o r  s t a b l e  r e ­
sponse when des i gn i ng  a c o n t r o l  s t r a t e g y .  F u r t h e r  work is 
r e q u i r e d  i n  t h i s  aspect  employing f o r  example Lyapunov's  
d i r e c t  method.
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C o m p u te r C o n t r o l
The u l t i m a t e  goal  o f  t h i s  s tudy i s  to be ab le  to 
apply  i t  f o r  o n - l i n e  computer  cont r o l  purposes.  In r e a l ­
t ime systems computer  space and CPU t ime a r e  i mp o r ta n t  
parameters .  T h e r e f o r e ,  the most l i k e l y  c o n t r o l  s t r a t e g y  
to be used would r e l y  ma in l y  on per f ormi ng  the most i n f r e ­
quent  c a l c u l a t i o n s  o f f - l i n e ,  such as the  s t e a d y - s t a t e  opt imi  
z a t i o n ,  w h i l e  s u p e r v i s o r y  and opt imal  c o n t r o l  p o l i c y  should  
be c a r r i e d  out  o n - l i n e .  F i gu r e  32 shows a schemat ic  o f  the  
i n t e r f a c i n g ,  s u p e r v i s o r y  c o n t r o l  and o p t i m i z a t i o n  and o p t i ­
mal c on t r o l  h e i r a r c h y .
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FIG. 32
SCHEMATIC OF AN ON-LINE COMPUTER CONTROL SYSTEM 
FOR A MECHANICALLY AGITATED LIQUID-LIQUID 
e x t r a c t io n  PROCESS.
NOMENCLATURE
A ampl i t ude  o f  the  s i n u s o i d a l  wave,  or cross s e c t i o n a l
area of  c o n t a c t o r
a i n t e r f a c i a l  area per  u n i t  volume
Cp c o n s t r i c t i o n  area r a t i o
D d i f f u s i o n  c o e f f i c i e n t ,  or  eddy d i f f u s i v i t y
Dj d i amet er  ( i  = c f o r  column,  i = r  f o r  r o t o r ,  and
i = s f o r  s t a t o r )
D„ f u n c t i o n  o f  column c o n f i g u r a t i o nm
d drop d i a me t e r
E  ̂ backmixing c o e f f i c i e n t  o f  i - t h  phase ( i  = x f o r
feed phase and i = y f o r  s o l ve n t  phase)  
e^ s u p e r f i c i a l  eddy d i f f u s i v i t y  (= e .E^)
f  backmixing c o e f f i c i e n t  x-phase (s tagewise  models)
f^ mean a c t u a l  r a t e  o f  i n t e r s t a g e  mixing
G feed phase mass f l ow r a t e
g a c c e l e r a t i o n  o f  g r a v i t y
H compartment he i gh t
h v a r i a b l e  h e i g h t  measured from feed phase ent rance
po i n t
HTU h e i g h t  o f  t r a n s f e r  u n i t
Wei ght i ng  f a c t o r s
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o v e r a l l  mass t r a n s f e r  c o e f f i c i e n t  w i t h  r e s p e c t  to  
x-phase
L s o l ve nt  phase mass f l o w r a t e
m d i s t r i b u t i o n  c o e f f i c i e n t  ( f o r  l i n e a r  e q u i l i b r i u m
r e l a t i o n s h i p )
= x ^ / X j ,  the  c o n c e n t r a t i o n  in  feed phase i f  i t  i s  
cont inuous to i t  when i t  is d ispersed  
N r o t a t i n g  d i sc  a n g u l a r  speed ( r pm) ,  or t o t a l  number
of  stages  
n number o f  compartments
NTU number o f  t r a n s f e r  u n i ts
Peon power consumpt ion by the r o t a t i n g  s h a f t
Pe  ̂ P ec l e t  number f o r  the i - t h  phase
q volume o f  t r a c e r  o f  u n i t  c o n c e n t r a t i o n  which would
correspond to the  a c t ua l  amount o f  t r a c e r  i n t r o d u c e d  
i n t o  the f l u i d  
R v e l o c i t y  r a t i o  or  (G/mL) ,  Tab l e  2
Rj = G^mg/Gj ,  Tab le  2
Rĵ l r o t a t i n g  s h a f t  speed
R r a t i o  o f  the  e f f e c t i v e  and mol ecu l a r  d i f f u s i o n  c o e f -
e
f i c i e n t s
s backmixing c o e f f i c i e n t  y -phase ( s t agewi se  models)
T column t h r ough put  (G + L)
T̂ . i - t h  c o n s t r a i n t
T, (K,az)/G
T ( K ; a 2 ) / L
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t  t ime
U average f l o w  v e l o c i t y
V column t o t a l  volume
V c h a r a c t e r i s t i c  v e l o c i t y  
s u p e r f i c i a l  v e l o c i t y  o f  the i - t h  phase
X feed phase c o n c e n t r a t i o n ,  or s t a t e  v a r i a b l e  (Chapters
I V ,  V)
c o n c e n t r a t i o n  o f  the t r a c e r  a t  i - t h  sampl ing i n t e r v a l  
X *  e q u i l i b r i u m  feed c on c e nt r a t i on  ( f o r  l i n e a r  e q u i l i ­
br ium X *  = my)
X d imensionless  feed phase c o n c e nt r a t i o n
y s o l v e n t  phase c o nc e nt r a t i o n
Y dimensi onl ess  s o l v e n t  phase c o n c e n t r a t i o n
w e i g h t i n g  f a c t o r  ( we i gh t i ng  c o n s t r a i n t s  among each 
o t h e r )
z column h e i g h t
Z column h e i g h t  in d imensionless  form
Greek Symbols
a v e l o c i t y  c o e f f i c i e n t
Y i n t e r f a c i a l  t ens i o n
d imensionless  c on c e n t r a t i o n  o f  x -phase ,  d e f i n e d  in  
the  t e x t
5 d imensionless  h e i g h t  o f  the column bottom end
A e x t r a c t i o n  f a c t o r  (= mG/L) ,  or  d imensionless  h e i gh t
o f  the column top end 
E holdup volume f r a c t i o n
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ç phase angle
y v i s c o s i t y
(J) the d i s s i p a t i o n  o f  energy per  u n i t  volume
p d e n s i t y
0  ̂ t he  v a r i a nc e  o f  t he  x-phase
6  ̂ (= T j ) t i me  o f  t a k i n g  the  i - t h  sample
x ( u )  f u n c t i o n a l  o f  v e l o c i t y
x ( d )  f u n c t i o n a l  o f  drop d i amet e r
d imensionless  c o n c e n t r a t i o n  o f  x - p h a se ,  de f i ne d  in  
the t e x t  
Ü) angu l ar  f r equency
Su b s cr ip t s
a p e r t a i n i n g  to b e f o r e  i n j e c t i o n  p o i n t
a^ a x i a l
b p e r t a i n i n g  to a f t e r  i n j e c t i o n  p o i n t
c cont inuous
d d i spersed
e e x t r a c t
f  f e e d ,  or  f l o o d i n g
I  l o n g i t u d i n a l
M measured
n n o n - q u a d r a t i c
0 the va l ue  a t  p o i n t  o f  i n j e c t i o n
P p l u g - f l o w
q q u a d r a t i c
r r e v e r s e ,  r o t o r ,  o r  r a f f i n a t e
181
s s o l v e n t  phase,  or  s t a t o r
T t r u e
S u p e rs c r i p t s
1 a t  d i mens i on l ess  h e i g h t  Z = 1 ,  and j u s t  o u t s i d e  the
column
0 a t  d imensi on l ess  h e i g h t  Z = 0 ,  and j u s t  b e f o r e  en­
t e r i n g  the column
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APPENDIX A
UNIQUENESS OF THE STEADY-STATE SOLUTION FOR 
THE THREE-SECTION COLUMN MODEL
The solution o f Equation ( I I I - 12 )  which satis fies  the boundary
condition ( I I I - 1 3 )  to ( I I I - 1 6 )  fo r a three-section column model with
(1 21
axial mixing was solved an a ly tica lly  by Wilburn as an extension 
of one-section column model prim arily solved by Miyauchi, e t a l . The 
equations fo r the eignevalues are s im ilar fo r the three sections and 
given by Wilburn as follows.
Eigenvalue Determination
Extraction factor (mG/L) f  1.
= I i= l  A ij 










cos rj. = q / {p (A-3)
J J J
“ 1 = "PSy 
“ 2 = \  ■ PSy
“3 = ’’«X
®3 = ®1 “ " o /« x  " % / Y
h  " No^Pe* + P e / 6y + Nô POyA 
Yl = %  P e /6 y
Y2 = N o^Pe/O yd -  a )
Y3  = -No Pe/e^A
(A-4)
X
The necessary condition fo r mass transfer i s ,
< 0 (A-5)
The le f t  hand side o f th is  inequality  goes to zero only when perfect 
mixing is  reached in  each phase.
The solution of th is  model is obtained a n a ly tic a lly  in a closed 
form fo r lin ea r equilibrium  relationship with average values for holdup 
and axial mixing ( i . e .  constant with respect to the heigh t). Therefore,
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the four eigenvalues, corresponding to each section o f the column ( j ) ,
obtained from equation (A-2) are exact and related only to P , P ,
X y
N , and l .
°x
Uniqueness C rite ria
The su ffic ien t conditions fo r the existence o f a unique solu­
tion fo r the steady-state d iffe re n tia l equations are obtained from an 
eigenvalue problem. I f  there are two lin e a rly  independent eigenfunctions 
with the same eigenvalue, one would expect that th is eigenvalue w ill  
have m ultiple solutions.
Applying th is  p rin c ip le  to Equation (A-2) ,  for  the eigenvalues, 
one would find th a t the conditions under which th is  would occur are:
1. For 2̂ j  = Xgj the following conditions must be s a tis fie d .
2i t 1" jcos = 
3
cos [ 4  +
UJ p Uj n
9 COS —Ô -  sin o  sin “T= cos
tan 4 =  -1-732051
tan’ '(-1 .732051)• 1 ,
= 120° or 300°
Therefore, Uj = 2% or 5?, both outside the range 0 < Uj <  jt. (A-6 )
2. For Xgj = x^ j, the following conditions must be s a tis fie d :
4it






COS 3  COS - 3 3 S in - 3
3 *  3
3 COS 3 -  sin - 3  sin 3
Therefore, “ isin 4 = 0
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Uj = 0 or Uj = 3ir (outside the feasib le range) (A-7)
3. For Xgj = the following conditions must be s a tis fied :
" i
cos - 4  = cos
= cos cos ^  -  sin sin ^
^  = t a n ' '(1.732051)
= 60°
Therefore, ^  = % (A-8 )
4. For x-|j = X2j  = Xgj = x ^ j, the following condition must be satis fied :
Pe  ̂ = Pe  ̂ = 0 (A-9)
From Equations (A-6 ) to (A-8 ) ,  Uj must be equal to e ith er zero 
or TT to have repeated eigenvalues. Equation (A-3) becomes
q? - p | = 0 (A-10)
This would happen only i f  both Pe„ and Pe are equal to  zero, which isA y
the same as condition (A-9) .  Under th is  condition complete mixing is 
taking place and inequality  (A-5) is v io lated .
Analogy Between Steady-State Models fo r  Liquid-Liquid Extraction  
with Axial Mixing and Tubular Reactor with Axial Mixing (TRAM)
The phenomenon of m u ltip lic ity  o f the steady-state in  chemical 
reactors has been investigated both th e o re tica lly  and experimentally 
by many w o r k e r s . T h e  problem lends i t s e l f  to e ith e r studying 
the characteristics  or solving the set o f nonlinear d iffe re n tia l
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equations.representing the process. Many successful techniques ap­
pear in the lite ra tu re  to find the number o f m ultip le steady-state  
solutions with or without solving the equivalent equations. Among 
these techniques are the abstract spaces m e t h o d o r t h o g o n a l  c o l- 
lo ca tio n /^ ^  or certa in  topological theorems.
The extraction problem would need a s im ila r analysis to that 
carried out fo r the TRAM problem i f  the analytical solution is not 
possible. This would occur i f  the mass-transfer ra te  or the equilibrium  
relationship is nonlinear and the study would correspond to th a t fo r  
the TRAM problem with a f irs t-o rd e r irreve rs ib le  chemical reaction in  a 
non-adiabatic reactor.
I f  the extraction problem considered has variable holdup and/or 
variable axial mixing along the column axis besides nonlinear e q u ili­
brium re la tionsh ip , then an approximation technique based on the idea 
of orthogonal collocation would be recommended fo r the purpose.
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APPENDIX B 
GRADIENT OPTIMIZATION ALGORITHMS
1. Conjugate Gradient Method^^
2. Fletcher-Powell Method
3. Variable Metric Method
4. Optimum-Gradient Method
References
1. Kuester, J. L . , and Mize, J. H ., "Optimization Techniques with Fortran," 
McGraw-Hill Pub. Co.,  1973.
2. Fletcher, J. R ., and Reeves, C. M ., "Function Minimization by Con­
jugate Gradients," Computer J r . ,  %, No. 2,  149-154 (1969).
3. Fletcher, J. R ., and Powell, M. J. D ., "A Rapidly Convergent Descent 
Method fo r M inim ization," Computer J r . ,  6 ,̂ 163-168 (1963).
4. IBM-System/360 S c ie n tific  Subroutine Package, H20-0205-3, 221-229 
(1968).
5. Davidon, W. C ., "Variance Algorithm fo r M inim ization," Computer 
J r . ,  10, No. 4,  406-410 (1968).
6 . Beckey, G. A ., and McGhee, R. B ., "Gradient Methods fo r the Optimi­
zation of Dynamic System Parameters By Hybrid Computation," Bala- 
kishnan, A. V ., and Neustadt, L. W. (E d ito rs ), Computing Methods
in Optimization Problems, Proc. of a conference held a t University
of C a lifo rn ia , Los Angeles (1964), 305-327.
>
2 0 0
s t a r t  i t e r a t i o n  c y c le  f o r  
e v e ry  N +  1 i t e r a t i o n s
C a lc u la te  s q u a re  o f  th e  
g r a d ie n t  and te r m in a te  i f  
z e ro
C a lc u la te  d i r e c t io n a l  v e c to r  
and d e r iv a t i v e
C a lc u la te  s c a le  f a c t o r  
used in  l i n e a r  s e a rc h
C a lc u la te  fu n c t io n  v a lu e  and ' 
g r a d ie n t  a t  th e  new p o in t
(cALI.  I I Î K . t  l j < . l  .1 . H K >  i
- — - ( D
;7 Û E O  
I I
!! * C-C I
O H h O *— ÿd ^
 i------------
C H l̂ ZEsO  n rr '^ T T
I H -  >H- G  I
IÜÏ = 6.0 I 
li!:n ,‘ i :  n o I
 (■! '  j - ' l  J
g j iJ
inNRn̂ i!:;rii<Ar.s(nMli 
 <iiv nY«'in.i)‘ U!J)|
'  -T  ----- *
FY = r  
a * 2(ES T-F)/0Y  
» = SNRH
I <1 a -  |>-T -
C g J ------------ G 13
Is; : U I
= >*n 3
ICAIL F U H C Tf".X .F .G .IC R !l
g n j T i
F i r s t  s te p  is  ta k e n  
in  th e  n e g a t iv e  
d i r e c t io n  o f  th e  
g r a d ie n t  (s te e p e s t  
d e s c e n t)
Search fo r minimum 
along d irec tio n  H.
Use estimate fo r  
step s ize only i f  
i t  is  p o s itive  and 
less than SNRM
Save function and 




1 ! • >
roo
T e rm in a te  s e a rc h  i f  th e  
fu n c t io n  v a lu e  in d ic a te s  t h a t  
a minimum has been passed .
R epeat s e a rc h  and d o u b le  
s te p  s iz e  f o r  f u r t h e r  
s earch es
L in e a r  s e a rc h  in d ic a te s  t h a t  
no minimum e x is t s .
1 3f--uYr?̂ ri I
O
IT  : y  '  I L
> - 1 . 1 1 0  l > ^  I  I '  :i  1
[  RtTUIlN I
Z * 3 (F X - fY ) /A + 0 X *0 V
4'MAX(ASS(Z).
A 3S (0X ),A aS (ilY ))
D.J»Z/a
nW'Daf-nX/a'DY/a
 r  o4 o«—
-̂|CV-W-Z)'/(PY>?-.l-OX) 1 
i/  li'T n.Ù I 
icAll ru.iCT~M.<.r.r..lERl| J
C a lc u la te  d i r e c t io n a l  d e r iv a t iv e
C a lc u la te  d i r e c t io n a l  
d e r iv a t i v e  OY f o r  new 
a rg u m e n t. T e rm in a te  
s e a rc h  i f  DY is  p o s i­
t i v e .  I f  DY = 0 ,  th e  
minimum is  fo u n d .
In t e r p o la t e  c u b ic a l ly  
: in  th e  in t e r v a l  d e ­
f in e d  by th e  se a rc h  
above and c a lc u la t e  
X. f o r  w h ich  th e  fu n c ­
t io n  v a lu e  is  minimum.
R epeat c u b ic a l in t e r p o la t io n
C a lc u la te  d i f f e r e n c e  o f  new 
and o ld  argum ent v e c to r
"<IZZEE3>t
Da » Da * u*
ir - Ni D-^|-Kl. gLZI>-p
p̂ Klry - F l>-i
- <lhx - Urn l>g
I I
/ - iM D-:
I  ' n . ' i  I
T e rm in a te  th e  se a rc h
3
p?’=j'*:i ‘ I
— lT « T *A riS (.U K lj
< !C 3 - I  I 
I I______________
L a




R e s e t I t e r a t i o n  c o u n te r
Save fu n c t io n  v a lu e ,  argum ent 
v e c to r  and g r a d ie n t  v e c to r
Check w h e th e r fu n c t io n  w i l l  
d e c re a s e  s te p p in g  a lo n g  H
SET:IER*0, KOUIIT-0, NZ'N'H. tl3'N?«N, H31-M3 +.1
ICAIL HROK.’j.P.PIll.Cn
S e t m e t r ic  m a t r ix  ( i n  
v e c to r  fo rm ) eq u a l to  
u n i t y .
K'H+J. Kk.K'N.II(KK) = X(.I). K=J'II3. r-=0.0
D e te rm in e  d i r e c t io n  
v e c to r  H.
C a lc u la te  d i r e c t io n a l  
d e r iv a t iv e  and t e s t  
v a lu e s  f o r  d ir e c t io n  
v e c to r  H and g r a d ie n t  




Save fu n c t io n  and g r a d ie n t  
o f  o ld  argum ent
S te p  argum ent a lo n g  
d ir e c t io n  H
T e rm in a te  s e a rc h  i f  DY is  
+ v e , and i f  DY is  z e ro  th e  
minimum Is  found
. 0 .« v u
-ve.O





f i T p n
i xrt y  X I
I X » XA > I I I  I
tALL i.( iii:m s(x .x i).> :i'i 
l( . . - ' . i r i i , ;c u n .x . r . r , )  |
|r v  = r .  y t  - o.o |
, I'B ZT
lOY = OY *  GH I
i r r p m ^
r<L_x'
r ? 1 |z°3(rx-fÿ/A»üx*nT|
Iheturii 1 (.':WX(AUsjẑ ,ABS(UX)j
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FIGURE B-3. V ariab le  M etric  Method
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